Sets of MOLSs generated from a single Latin square

Hau Chan and Dinesh G. Sarvate

ABSTRACT. The aim of this note is to present an observation on the
families of square matrices generated by repeated application of a
simple operation on Latin squares, which in special cases give com-
plete families of self-orthogonal and mutually orthogonal idempotent
Latin squares with the inclusion of a specific Latin square in these
families produces complete families of MOLSs.

1. Introduction

A Latin square of order n is an n by n array such that each element
from an n-set, say {1,2,---,n}, appears exactly once in each row and in
each column. The (i,7)*" element of a Latin square L is usually denoted

by L(i,j).

EXAMPLE 1. The following is a Latin square of order 5.

1131524
31512141
5121413
21411135
4111352

DEFINITION 1. A Latin square L of order n is idempotent if L(4,i) = i
for 1<i<n.

Note that we can relabel the elements using the diagonal of the Latin
square above to obtain an idempotent Latin square of order 5,
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11412153
4121531
2153|114
513|142
31114125

A Latin square can be viewed as a quasigroup (L,o) if we label its rows
and columns by the same symbols and define i o j to be the (i, )" element
of L.

DEFINITION 2. A Latin square L of order n is symmetric if L(i,5) =L(j,1)
for all 1<i,5<n.

Note that, both Latin squares of order 5 given above are symmetric.

An idempotent Latin square and a symmetric Latin square exist for
any order n, however a symmetric idempotent Latin square (SILS) exists
only for odd n [9].

DEFINITION 3. Two Latin squares L and L of the same order, say n,
are orthogonal if every ordered pair (i,7),1 <i,j < n, appears exactly once
when L and L' are superimposed on each other.

In other words, two Latin squares L and L of the same order are
orthogonal if L(ab) = L(c,d) and L'(a,b) = L'(c,d), implies a = ¢ and
b = d. A Latin square which is orthogonal to its transpose is called a
self-orthogonal Latin square (SOLS). It is known that self-orthogonal Latin
squares exist for all orders n¢{2,3,6}. A self-orthogonal Latin square has at
least one transversal (its main diagonal) and therefore any self-orthogonal
Latin square can be transformed into an idempotent Latin square by rela-
beling the symbols. See [4], and [8].

EXAMPLE 2.
1(7|16]5|4(3]2
3121|7654
5141321716
71654321
21117165413
4131217615
6514|3217

SOLS of order n="7.

Latin squares Lq,...,L,, are mutually orthogonal, or pairwise orthogonal,
if for all 4,5, 1 <i < j <m, L; and L; are orthogonal . A set of n —1
MOLS of side n is called a complete set of MOLSs.
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This note is inspired by a construction of a combinatorial design called
beautifully ordered balanced incomplete block design. A balanced incom-
plete block design BIBD(v, k, A) is a set S of v elements together with a
collection of b k-subsets of S, called blocks, where each pair of distinct
elements occurs in exactly A blocks.

DEFINITION 4. If each of the blocks of a BIBD(v, k, \) is ordered such
that for any ki indices i1,1a,-- - , i, the sub-blocks {a;,,a;,, - ,ai,, } of all
ordered blocks {ay,as,--- ,ar} of the BIBD(v,k, \) form a BIBD(v, k1, A1)
then the collection of ordered blocks is called a Beautifully Ordered Balanced
Incomplete Block Design, BOBIBD (v, k, \, k1, A1) where 2 <k;<k-1.

A general construction of BOBIBD(v, 4,12, 2,2) based on mutually or-
thogonal Latin squares is given in [2]. However, this general construc-
tion is not applicable for v = 6 as there are no MOLSs of order 6. A
BOBIBD(6, 4,12, 2, 2) was constructed using the following quasigroup (L,0)
and a corresponding square generated from (L,0).

aob (aob)ob

116)12]5]3|4 114[(6[2]4]2
41216|13|1|5 51215161313
2153|641 4(113]1]6/4
513|1(4]6]|2 61512141215
6/1]4]2|5]3 3/6[/1[3|5]1
314|5|11|2|6 213145116

These two squares of order 6 which, when superimposed, all 36 possible
ordered pairs result. Hence, the blocks {{a,b,aob,(ach)ob} | 1 < a # b <
6} give a BOBIBD(6,4,12,2,2). The aim of this note is to explore the
technique of applying (aob)ob on Latin squares repeated to get a complete
set of MOLSs.

Interestingly, the results obtained here are also related with the results
obtained by Graham and Roberts [5], [6], and [7]. We have also used their
specific Latin squares to generate the corresponding families of complete
MOLS:s in this note.

LEMMA 1. (Lemma 2 Graham and Roberts [7]) Any set of mutually
orthogonal Latin squares can contain at most one symmetric Latin square.

All families generated in this paper contain exactly one symmetric
idempotent Latin square. Graham and Roberts [5] gave the following defi-
nition.

DEFINITION 5. An orthogonal set of Latin squares, {A1,As,..., A}, is
called orthogonal, self-orthogonal or OSO, if {AT Ay, AT ,... A, AT} is an
orthogonal set. In this case, the set {AT Ay AT ... A, AT} is called the
expansion of the OSO set {A1,As,..., A }.
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Graham and Roberts used S(n) to denote the size of a maximal OSO
set. All families generated in this paper contain a maximal size OSO set.

By a result of Brayton, Coppersmith, and Hoffman, S(n) > 1 for n #
2, 3, 6. Moreover, S(n) < N(n)/2 [5].

Graham and Roberts [7] defined C'~ as the Latin square of order n
with each entries ¢; ; =i -j (mod n) and used it to obtain a complete set
of mutually orthogonal Latin squares.

A well known method to obtain a complete set of mutually orthogonal
Latin squares of prime order p, {A4;1,4s2,...,A,—1 }, is to use the formula
L.(i,j) = i+ xj(mod p), for the (i, )" entry of Latin Square L,, where
r=12,..,p—1.

The MOLSs constructed in the next section by applying the operation
(a o b) o b repeatedly may produce the above complete set of MOLSs or
some other family of MOLSs depending on the Latin Square used as the
generator. For example, the second Latin square of order 7 given in section
2.2 produces a different family than the one obtained by the above well
known method.

2. Main Result

DEFINITION 6. A First Class Generated by an idempotent Latin square
L of ordern, FCG(L) is an ordered set {L = Ly, Lo, ---} of idempotent (not
necessarily Latin squares) squares of order n which is generated as follows:
let (i,7)® denote the (i,7)" entry of L. Then (i,7)® = ((i,5)*~%, 7).

Note that (i,j)2 = (ioj)oj if L; is considered as quasigroup (L,o).
EXAMPLE 3. An FCG(L) of order 5.

1141253 11315124 11514132 1/1(1]1]1
412|531 51214113 3121|514 2121222
2153|114 |14|1(3]|5]|2 o1413|2]|1 3131333
5131142 31512141 2111543 414141414
31114125 21411135 4131215 5195|5|5]|5

We say that FCG(L) has a length of 4. Notice that FCG(L) contains
two self-orthogonal Latin squares, which are mutually orthogonal:

113524 11514132
51214113 312|154
4111352 5141321
3|52 14|1 2111543
21411(13|5 4131215

In addition, the family contains exactly one symmetric idempotent
Latin square, L3 is the transpose of self-orthogonal idempotent Latin square
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Lo, and Ly is not a Latin square. {Lo} is an example of OSO of Graham
and Roberts [5]. Also note that {La, L} is the expansion of OSO {Lsy}.

All together the family contains exactly 3 MOLSs which are idempo-
tent. Moreover, if we use the idea of Graham and Roberts and include
C™ in the family, we obtain a complete set of mutually orthogonal Latin
squares.

Given an appropriate idempotent Latin square of prime order p, one
can generate a family of mutually orthogonal idempotent self-orthogonal
Latin squares of order p, by applying the operation (aob)ob repeatedly.
The family contains p — 2 MOLSs and exactly one symmetric idempotent
Latin square of order p. These MOLSs together with C~ form a complete
set of MOLS:s.

2.1. Symmetric Idempotent Latin square. We can construct a
symmetric idempotent Latin square using the following result.

LEMMA 2. Let n=2m+1 where m is a positive integer. Define L; ; =
(m+1)x(i + j) mod n, then L; ; is a symmetric idempotent Latin square
of order n [page 339,[1]].

For example, we have generated families for n = 3,5, and 11 using the
Latin squares given below. All families generated by these Latin squares
have exactly one symmetric idempotent Latin square (the generator Latin
square), and (p — 3) self-orthogonal idempotent Latin squares. The next
table gives a partial listing of the results for primes up to 100 to demonstrate
that we don’t always get a complete family of MOLS.

EXAMPLE 4. en=23
1132
211
21113
en=>5

WU DO | =
=l wo| ot nof >
= =) O DO
DO| | =] | Ot
Y DO | | W
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11712839 |4]10|5]|11|6
7128|1394 ]10]5|11|6 |1
21813194 |10|5|11]6 |17
813194105 |116|1]7]2
31914 (105|116 |1 [7]2]8
9141105 116 |1 |7 [2]8]3
41105 (11|61 |7]2]8]|3]|9
w05 (1176 | 1|72 |8]3]9]4
5|11 16 (1 7|28 |3|9]4]10
1161 (712|839 |4]10]|5
6 |1 | 712|839 |4/[10] 5|11

TABLE 1. Partial Summary where generator is a symmet-
ric idempotent Latin square

Order n | Number of SILS | Number of SOLS | Total
3 1 0 1
5 1 2 3
7 1 1 2
11 1 8 9
13 1 10 11
17 1 6 7
19 1 16 17
23 1 9 10
29 1 26 27
31 1 3 4
37 1 34 35
41 1 18 19
43 1 12 13
47 1 21 22
53 1 50 51
59 1 56 57
61 1 58 59
67 1 64 65
71 1 33 34
73 1 7 8
79 1 37 38
83 1 80 81
89 1 9 10
97 1 46 47
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2.2. Self-Orthogonal Latin square. The following Lemma is well
known, for example, see [10].

LEMMA 3. Let a, b €Z,,. We define an n by n array L = (I, ;), with
symbols in Z,,, by the formula l; ; = ai + bj (mod n), where ged(a,n) = 1,
ged(b,n) = 1, and ged(a® - b%, n) = 1. It is known that L is a self-orthogoanl
Latin square of order n.

Using self-orthogonal idempotent Latin square L of order n, we can
construct corresponding FCG(L), with n — 3 SOLs and a symmetric idem-
potent Latin square. There are several Latin squares of the same order.
Here we present only two such examples. Computer checking is done for
larger primes as well as all primes less than 100. The results are summarized
in Table 2.

EXAMPLE 5. en=7
11547632
712|5(3[|1(416
614(3|1|2|7]|5
316214751
213|7|6|5(1|4
517|111214(613
411165327
o Another example for n = 7 that gives a different family of MOLS.
114(7]13[6[2]|5
6125111473
4171316251
215|11(4|7[3]6
7T13|6|2|5(1]4
51114|7(3[6]2
3162|5147
e n=11
116|115 |10 4 ]9 |3 |8|2]|7
8| 2|7 |1]6|11|5|10[4]9]3
4 1913|827 |16 |11|5]10
11| 510493 |8 |2 |7]1]6
7116|115 ]10[{4]|9|3|8]2
3182|716 |11|5 (10419
014191382 |7 |1|6]11|5
6 |11 |5 (104|938 |2]|7]1
2|71 |6|11]5 (10, 4]|9]3]8
913|182 |7|1]|6|11|5|10]| 4
51101419138 |2|7|1]6]11
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e Another example for n = 11
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9
11
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10

11

11

10

10
1

9
11
2

9
11

2

10

10

11

11

10
1

10
1

9
11
2

11
2

10

11

10

TABLE 2. Partial Summary where generator is an idem-

potent SOLS

A and B used
A=3, B=5

A

3

2, B

A=3, B=7

A=2, B=3

A=2, B=5

A=2, B=13
A=2, B=23
A=2, B=11

A

31

2, B

0

2, B=
A=2, B=7

A=2, B=11
A=2, B=13
A=2, B=17

A

23

2, B

A=2, B=31
A=2, B=37
A=2, B=41
A=2, B=59
A=2, B=61

A

73

2, B

A=2, B=13

9
11
15
17
21

27
29
35

39

41

45

o1

o7
59
65

69

71

7

81

87
95

10
14
16
20
26
28
34
38
40

44

50
56
58
64
68
70
76
80
86
94

Order n | Number of SILS | Number of SOLS | Total

11
13
17
19
23
29
31

37
41

43
47
53
99
61

67
71

73
79

83
89
97

It is natural to ask the following questions :
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(1) Which symmetric idempotent Latin squares (with the given pat-
tern or some other structure) or self orthogonal idempotent Latin
squares generate a complete family of MOLSs?

(2) How to characterize the symmetric idempotent Latin squares and
self-othogonal idempotent Latin squares which will generate a
complete family of MOLSs?

Tables 1 and 2 provide strong support for the following conjecture:

CONJECTURE 1. For every prime p, there exists an idempotent Latin
square of order p, such that the first class generated by L, FCG(L), with the
operation (acb)ob, together with C~, gives a complete set of self-orthogonal
idempotent Latin square.
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