Contents

1 Introduction 1 1.1 Counting complexity classes and lowness . . . . . . . . . . . . . . . . 2 1.2 Contribution of the Dissertation . . . . . . . . . . . . . . . . . . . . . 6 1.3 Solvable Black-box Group Problems . . . . . . . . . . . . . . . . . . . 8 1.4 Complexity of Exact Learning . . . . . . . . . . . . . . . . . . . . . . 10 1.5 Organization of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . 14

2 Preliminaries 16

3 Computational Group Theory 24

4 Solvable Black-box Group Problems 28 4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 4.2 Managing Abelian Groups . . . . . . . . . . . . . . . . . . . . . . . . 29 4.2.1 Constructing an Independent Generator Set . . . . . . . . . . 33 4.3 Solvable Groups and Canonical Generator Sets . . . . . . . . . . . . . 43 4.3.1 Constructing an Independent Generator Set for Abelian Fac- tor Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 4.3.2 Constructing a Canonical Generator Set . . . . . . . . . . . . 50 4.4 Solvable Group Problems are in SPP . . . . . . . . . . . . . . . . . . 59 4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 5 Exact Learning via Teaching Assistants 62 5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

5.2 Learning Theory: Notations and Definitions . . . . . . . . . . . . . . 64 5.3 Angluin’s Model of Exact Learning . . . . . . . . . . . . . . . . . . . 66 5.3.1 Complexity of Learning SYM, LS(p) and 3-CNF in Angluin’s Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 5.4 The Teaching Assistant Model of Exact Learning . . . . . . . . . . . 71 5.4.1 Comparison with Angluin’s model . . . . . . . . . . . . . . . . 75 5.5 Upper Bounds on Learning SYM and LS(p) . . . . . . . . . . . . . . 78 5.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 6 Separating Teaching Assistant Classes 91 6.1 More Assistant Classes . . . . . . . . . . . . . . . . . . . . . . . . . . 93 6.1.1 Learning with NP ∩ co-NP and UP ∩ co-UP assistants . . . . 94 6.2 Learning Subclasses of SYM . . . . . . . . . . . . . . . . . . . . . . . 98 6.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103 7 Conclusion 104

Bibliography 106

Appendix 113