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Outline

• �428B8>= CA44 A4?A4B4=C0C8>=

• !�� ;40A=8=6 0;6>A8C7<

• �=CA>?H� !=5>A<0C8>= 608=

• ���������
��0=3 ?AD=8=6
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Decision Tree for PlayTennis

Outlook

Overcast

Humidity

NormalHigh

No Yes

Wind

Strong Weak

No Yes

Yes

RainSunny
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Decision Tree Representation

• �027 8=C4A=0; =>34 C4BCB 0= 0CCA81DC4

• �027 1A0=27 2>AA4B?>=3B C> 0CCA81DC4 E0;D4

• �027 ;405 =>34 0BB86=B 0��	�

��������


 >F F>D;3 F4 A4?A4B4=C�

• ∧,∨, -%'

• (A ∧ B) ∨ (C ∧ ¬D ∧ E)

�

When to Consider Decision Trees

• !=BC0=24B 34B2A8101;4 1H 0CCA81DC4JE0;D4 ?08AB

• )0A64C 5D=2C8>= 8B 38B2A4C4�E0;D43

• �8B9D=2C8E4 7H?>C74B8B <0H 14 A4@D8A43

• &>BB81;H =>8BH CA08=8=6 30C0

•  D<0= A403018;8CH >5 A4BD;C 8B 8<?>AC0=C

�G0<?;4B�

• �@D8?<4=C >A <43820; 3806=>B8B

• �A438C A8B: 0=0;HB8B

• #>34;8=6 20;4=30A B2743D;8=6 ?A454A4=24B

�

Top-Down Induction of Decision Trees
�!�� �;6>A8C7<� )01;4 �	��

#08= ;>>?�

�	 A ← C74 K14BCL 3428B8>= 0CCA81DC4 5>A =4GC node


	 �BB86= A 0B 3428B8>= 0CCA81DC4 5>A node

�	 �>A 4027 E0;D4 >5 A� 2A40C4 =4F 34B24=30=C >5 node

�	 (>AC �?0AC8C8>=� CA08=8=6 4G0<?;4B >E4A 278;3A4= 10B43
>= AMB E0;D4

�	 !5 CA08=8=6 4G0<?;4B ?4A542C;H 2;0BB85 43� )74= ()%&�
�;B4 8C4A0C4 >E4A =4F ;405 =>34B

,7827 0CCA81DC4 8B 14BC�
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5C 5C

[29+,35-] [29+,35-]

[21+,5-] [8+,30-] [18+,33-] [11+,2-]
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Entropy
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• S 8B 0 B0<?;4 >5 CA08=8=6 4G0<?;4B

• p⊕ 8B C74 ?A>?>AC8>= >5 ?>B8C8E4 4G0<?;4B 8= S

• p% 8B C74 ?A>?>AC8>= >5 =460C8E4 4G0<?;4B 8= S

• �=CA>?H <40BDA4B C74 8<?DA8CH >5 S

Entropy(S) ≡ −p⊕ log2 p⊕ − p% log2 p%

�

Entropy
�2>=CM3�

• Entropy(S) � 4G?42C43 =D<14A >5 18CB =44343 C> 4=�
2>34 2;0BB �⊕ >A %� >5 A0=3><;H 3A0F= <4<14A >5 S
�D=34A C74 >?C8<0;� B7>AC4BC�;4=6C7 2>34�

,7H�

• !=5>A<0C8>= C74>AH� >?C8<0; ;4=6C7 2>34 0BB86=B− log2 p

18CB C> <4BB064 70E8=6 ?A>1018;8CH p

• (>� 4G?42C43 =D<14A >5 18CB C> 4=2>34 ⊕ >A % >5 A0=�
3>< <4<14A >5 S�

p⊕(− log2 p⊕) + p%(− log2 p%)

Entropy(S) ≡ −p⊕ log2 p⊕ − p% log2 p%

�

Information Gain

• Gain(S, A) � 4G?42C43 A43D2C8>= 8= 4=CA>?H 3D4 C>
?0AC8C8>=8=6 >= A

Gain(S, A) ≡ Entropy(S)−
∑

v∈V alues(A)

|Sv|

|S|
Entropy(Sv)
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5C 5C

[29+,35-] [29+,35-]

[21+,5-] [8+,30-] [18+,33-] [11+,2-]
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Training Examples
�0H %DC;>>: )4<?4A0CDA4  D<838CH ,8=3 &;0H)4==8B
�� (D==H  >C  867 ,40: $>
�
 (D==H  >C  867 (CA>=6 $>
�� %E4A20BC  >C  867 ,40: .4B
�� '08= #8;3  867 ,40: .4B
�� '08= �>>; $>A<0; ,40: .4B
�� '08= �>>; $>A<0; (CA>=6 $>
�� %E4A20BC �>>; $>A<0; (CA>=6 .4B
�� (D==H #8;3  867 ,40: $>
�� (D==H �>>; $>A<0; ,40: .4B
��� '08= #8;3 $>A<0; ,40: .4B
��� (D==H #8;3 $>A<0; (CA>=6 .4B
��
 %E4A20BC #8;3  867 (CA>=6 .4B
��� %E4A20BC  >C $>A<0; ,40: .4B
��� '08= #8;3  867 (CA>=6 $>

��

Selecting the First Attribute

• �><?0A8=6 Humidity C> Wind�

Which attribute is the best classifier?

High Normal

Humidity

[3+,4-] [6+,1-]

Wind

Weak Strong

[6+,2-] [3+,3-]

  = .940 - (7/14).985 - (7/14).592
  = .151

  = .940 - (8/14).811 - (6/14)1.0
  = .048

Gain (S, Humidity ) Gain (S,          )Wind

=0.940E =0.940E

=0.811E=0.592E=0.985E =1.00E

[9+,5-]S:[9+,5-]S:

• %C74A 608= E0;D4B� Gain(S, Outlook) = 0.246�
Gain(S, Temperature) = 0.029

��

Selecting the Next Attribute

Outlook

Sunny Overcast Rain

[9+,5!]

{D1,D2,D8,D9,D11} {D3,D7,D12,D13} {D4,D5,D6,D10,D14}
[2+,3!] [4+,0!] [3+,2!]

Yes

{D1, D2, ..., D14}

� �

Which attribute should be tested here?

Ssunny = {D1,D2,D8,D9,D11}

Gain (Ssunny , Humidity)

sunnyGain (S , Temperature) =  .970  !  (2/5) 0.0  !  (2/5) 1.0  !  (1/5) 0.0  =  .570

Gain (S sunny , Wind) =  .970  !  (2/5) 1.0  !  (3/5) .918  =  .019

 

=  .970  !  (3/5) 0.0  !  (2/5) 0.0  =  .970

�




Hypothesis Space Search by ID3
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Hypothesis Space Search by ID3
�2>=CM3�

•  H?>C74B8B B?024 8B 2><?;4C4�

– )0A64C 5D=2C8>= BDA4;H 8= C74A4			

• #08=C08=B 0 B8=6;4 7H?>C74B8B E4ABDB 0 A4?A4B4=C0C8>=
>5 C74 E4AB8>= B?024

– �0=MC DB4 @D4A84B 8= C78B 0;6>A8C7< C> A43D24 C74
+(

• $> 102: CA02:8=6� ?DA4 78;; 2;8<18=6 �<0G8<8I8=6 8=5	
608=�

– &A>1;4<B F8C7 ;>20; >?C8<0

• (C0C8B820;;H�10B43 B40A27 27>824B

– '>1DBC C> =>8BH 30C0 �20= C4A<8=0C4 145>A4 ?4A�
542C;H ��������CA08=8=6 30C0�

• !=3D2C8E4 180B ≈ K?A454A B7>AC4BC CA44L

��

Inductive Bias in ID3

• $>C4 H 8B C74 ?>F4A B4C >5 8=BC0=24B X

⇒ *=180B43�

• $>C A40;;H�

– &A454A4=24 5>A B7>AC CA44B� 0=3 5>A C7>B4 F8C7 7867
8=5>A<0C8>= 608= 0CCA81DC4B =40A C74 A>>C

– �80B 8B 0 ?A454A4=24 5>A B><4 7H?>C74B4B� A0C74A
C70= 0 A4BCA82C8>= >5 7H?>C74B8B B?024 H �;8:4 F8C7
20=3830C4 4;8<	�

∗ �742:4AB ?;0H4A ��70?C����703 1>C7

– %220<MB A0I>A� ?A454A C74 B7>AC4BC 7H?>C74B8B C70C
���� C74 30C0

��

Occam’s Razor

,7H ?A454A B7>AC 7H?>C74B4B�

�A6D<4=C 8= 50E>A�

• �4F4A B7>AC 7H?B	 C70= ;>=6 7H?B	

⇒ 0 B7>AC 7H? C70C �����30C0 D=;8:4;H C> 14 2>8=2834=24

⇒ 0 ;>=6 7H? C70C����� 30C0 <867C 14 2>8=2834=24

�A6D<4=C >??>B43�

• �A4 <0=H F0HB C> �������B<0;; B4CB >5 7H?B

• �	6	 0;; CA44B F8C7 0 ?A8<4 =D<14A >5 =>34B C70C DB4
0CCA81DC4B 1468==8=6 F8C7 K/L

• ,70CMB B> B?4280; 01>DC B<0;; B4CB 10B43 >= B8I4 >5
7H?>C74B8B�

%220<MB A0I>A A40??40AB 8= #�" ��70?C	 �� 0=3 8= ;40A=�
8=6 C74>AH �=>C 38B2DBB43�

��

Overfitting in Decision Trees

• �>=B834A 0338=6 =>8BH CA08=8=6 4G0<?;4 ����

Sunny, Hot, Normal, Strong, P layTennis = No

• ,70C 45542C >= 40A;84A CA44�

Outlook

Overcast

Humidity

NormalHigh

No Yes

Wind

Strong Weak

No Yes

Yes

RainSunny

• �G?42C >;3 CA44 C> 64=4A0;8I4 14CC4A B8=24 =4F >=4
�����=>8BH 4G0<?;4

��

Overfitting

• �>=B834A 4AA>A >5 7H?>C74B8B h >E4A

– CA08=8=6 30C0� errortrain(h)

– 4=C8A4 38BCA81DC8>= D >5 30C0� errorD(h)

•  H?>C74B8B h ∈ H >E4����� CA08=8=6 30C0 85 C74A4 8B 0=
0;C4A=0C8E4 7H?>C74B8B h′ ∈ H BD27 C70C

errortrain(h) < errortrain(h
′)

0=3

errorD(h) > errorD(h′)

��





Overfitting in Decision Tree Learning
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Avoiding Overfitting

•  >F 20= F4 0E>83 >E4A��������

– (C>? 6A>F8=6 F74= 30C0 B?;8C 3>4B=MC 74;?

– �A>F 5D;; CA44� C74= ?>BC�?AD=4

•  >F C> B4;42C K14BCL CA44�

– #40BDA4 ?4A5>A<0=24 >E4A CA08=8=6 30C0

– #40BDA4 ?4A5>A<0=24 >E4A B4?0A0C4 E0;830C8>= 30C0
B4C

– #�" �<8=8<D< 34B2A8?C8>= ;4=6C7 ?A8=28?;4�� <8=8�
<8I4
size(tree) + size(misclassifications(tree))

10B43 >= B><4 B8I4 <40BDA4 >5 CA44B 0=3 4G0<�
?;4B ��70?C	 ��


�

Reduced-Error Pruning

• (?;8C 30C0 8=C> training 0=3 validation B4C

• �> D=C8; 5DAC74A ?AD=8=6 8B 70A<5D;�

�	 �E0;D0C4 8<?02C >= E0;830C8>= B4C >5 ?AD=8=6 4027
?>BB81;4 =>34 �?;DB C7>B4 14;>F 8C�


	 �A4438;H A4<>E4 C74 >=4 C70C <>BC 8<?A>E4B E0;8�
30C8>= B4C 022DA02H

• &A>3D24B B<0;;4BC E4AB8>= >5 <>BC 022DA0C4 BD1CA44
�F8C7 A4B?42C C> E0;830C8>= B4C�

• ,70C 85 30C0 8B ;8<8C43�


�

Effect of Reduced-Error Pruning
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Rule Post-Pruning

�	 �>=E4AC CA44 C> 4@D8E0;4=C B4C >5 AD;4B


	 &AD=4 4027 AD;4 8=34?4=34=C;H >5 >C74AB 1H A4<>E8=6
B4;42C43 ?A42>=38C8>=B �C74 >=4B C70C 8<?A>E4 022D�
A02H C74 <>BC�

�	 (>AC������ AD;4B 8=C> 34B8A43 B4@D4=24 5>A DB4

&4A70?B <>BC 5A4@D4=C;H DB43 <4C7>3 �4	6	 ��	��


�

Converting A Tree to Rules
Outlook

Overcast

Humidity

NormalHigh

No Yes

Wind

Strong Weak

No Yes

Yes

RainSunny

!� (Outlook = Sunny) ∧ (Humidity = High)
) �$ PlayTennis = No

!� (Outlook = Sunny) ∧ (Humidity = Normal)
) �$ PlayTennis = Y es

	 	 	


�



Continuous-Valued Attributes

*B4 C7A4B7>;3 C> <0? 2>=C8=D>DB C> 1>>;40=� 4	6	
(Temperature > 72.3) ∈ {t, f}

Temperature� �� �� �� �
 �� ��
PlayTennis� $> $> .4B .4B .4B $>

• �0= B7>F C70C C7A4B7>;3 <0G8<8I8=6 8=5	 608= <DBC ;84
14CF44= CF> 039024=C 0CCA81DC4 E0;D4B 8= CA08=8=6 B4C
BD27 C70C ;014; 270=643� B> CAH 0;; BD27 E0;D4B� 4	6	
(48 + 60)/2 = 54 0=3 (80 + 90)/2 = 85

• $>F �3H=0<820;;H� A4?;024 2>=C8=D>DB 0CCA81DC4 F8C7
1>>;40= 0CCA81DC4B Temperature>54 0=3
Temperature>85 0=3 AD= 0;6>A8C7< =>A<0;;H

• %C74A >?C8>=B� (?;8C 8=C> <D;C8?;4 8=C4AE0;B A0C74A C70=
CF>� DB4 C7A4B7>;343 ;8=40A 2><18=0C8>=B >5 2>=C8=D�
>DB 0CCA81DC4B


�

Attributes with Many Values

&A>1;4<�

• !5 0CCA81DC4 70B <0=H E0;D4B� Gain F8;; B4;42C 8C

• �	6	 85 Date 8B 0CCA81DC4� 8=5	 608= F8;; 14 7867 1420DB4
B4E4A0; E4AH B<0;; BD1B4CB F8;; 14 2A40C43

%=4 0??A>027� DB4 GainRatio 8=BC403�

GainRatio(S, A) ≡
Gain(S, A)

SplitInformation(S, A)

SplitInformation(S, A) ≡ −
c∑

i=1

|Si|

|S|
log2

|Si|

|S|

F74A4 Si 8B BD1B4C >5 S 5>A F7827 A 70B E0;D4 vi �<40�
BDA4B 7>F 1A>03;H 0=3 D=85>A<;H A B?;8CB 30C0�


�

Attributes with Costs

• #43820; 3806=>B8B� BloodTest 70B 2>BC ����

• '>1>C82B� Width from 1ft 70B 2>BC 
� B42	

 >F C> ;40A= 0 2>=B8BC4=C CA44 F8C7 ;>F 4G?42C43 2>BC�

%=4 0??A>027� A4?;024 608= 1H

• )0= 0=3 (27;8<<4A ������

Gain2(S, A)

Cost(A)
.

• $D=4I ������

2Gain(S,A) − 1

(Cost(A) + 1)w

F74A4 w ∈ [0,1] 34C4A<8=4B 8<?>AC0=24 >5 2>BC


�

Unknown Attribute Values

,70C 85 B><4 4G0<?;4B 0A4 <8BB8=6 E0;D4B >5 A�

*B4 C74< 0=HF0H �B85C 8C C7A>D67 CA44�

• !5 =>34 n C4BCB A� 0BB86= <>BC 2><<>= E0;D4 >5 A

0<>=6 >C74A CA08=8=6 4G0<?;4B B85C43 C> =>34 n

• �BB86= <>BC 2><<>= E0;D4 >5 A 0<>=6 >C74A 4G0<�
?;4B F8C7 B0<4 C0A64C E0;D4 �48C74A >E4A0;; >A 0C =>34
n�

• �BB86= ?A>1018;8CH pi C> 4027 ?>BB81;4 E0;D4 vi >5 A

– �BB86= 5A02C8>= pi >5 4G0<?;4 C> 4027 34B24=30=C
8= CA44

�;0BB85H =4F 4G0<?;4B 8= B0<4 50B78>=


�


