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Abstract

We present a framework for specifying spatiotem-
poral objects using spatial and temporal objects, and
a geometric transformation. We define a number of
classes of spatiotemporal objects and study their clo-
sure properties.

1 Introduction

Many natural or man-made phenomena have both a
spatial and a temporal extent. Consider for example,
a forest fire or property histories in a city. To store
information about such phenomena in a database one
needs appropriate data modeling constructs. We claim
that a new concept, spatiotemporal object, is necessary.
In this paper, we introduce a very general framework
for specifying spatiotemporal objects. To define a spa-
tiotemporal object we need a spatial object, a tempo-
ral object, and a continuous geometric transformation
(specified using a parametric representation) that de-
termines the image of the spatial object at different
time instants belonging to the temporal object. In
this framework, a number of classes of spatiotemporal
objects arise quite naturally. We provide a preliminary
study of their closure with respect to set-theoretic op-
erators.

To appreciate the need for applying set-theoretic
operators to spatiotemporal objects, consider the fol-
lowing scenario. Let two spatial objects represent the
extents of the safe areas around two different ships.
Taking into account the movement of ships, the ex-
tents of the safe areas over a period of time can be
represented as two spatiotemporal objects. To avoid
collisions, one needs to be able to determine the inter-
section of those objects.

The substantial literature on spatial and temporal
databases does not provide much guidance in dealing
with spatiotemporal phenomena. Spatial databases
[9] deal with spatial objects (e.g., rectangles or poly-
gons) and temporal databases [7] with temporal ones
(e.g., intervals). Their combination can handle dis-
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crete change [8] but not continuous one, as required by
applications dealing with phenomena like movement,
natural disasters, or the growth of urban areas. In the
latter applications, the temporal and spatial aspects
cannot be conveniently separated.

2 Basic notions

2.1 Objects

Definition 2.1 A spatial object of dimension d is a
subset of RY. A temporal object is a subset of R (we
assume a single temporal dimension). A spatiotempo-
ral object of dimension d is a subset of R4+1.

These definitions are very general. We will later
study restricted classes of spatial and temporal ob-
jects that are important from a practical point of view
and have simple representations. Such classes have
been identified in the course of spatial and tempo-
ral database research. However, it is much less clear
what are the “natural” spatiotemporal objects and
how to represent them. The geometric approach that
we present here postulates that a spatiotemporal ob-
ject be defined as a spatial object together with a con-
tinuous transformation that produces an image of this
object for every time instant.

Definition 2.2 An atomic geometric object o of di-
mension d is a quadruple (V,v, I, f) where:

e V is a spatial object, called the reference spatial
object of o,

e v is a time instant, called the reference time of o,

e [ is subset of R, called the time domain of o (v €
1),

e fisafunction from R?x R to R? called the trans-
formation function of o.

The semantics of o is given by the corresponding spa-
tiotemporal object s, defined as follows:

SU:{(gvz):HQERd-i'E V/\ZEI/\g:f(j"z—U)‘



Notice that the transformation function is defined
using the time relative to the reference time. We will
use t to refer to this time. It can be negative.

A transformation function f has to satisfy at least
the following consistency requirement for every Z € V:

£(z,0) = z.

This means that the snapshot of the spatiotemporal
object for ¢ = 0 (absolute time equal to the reference
instant) is the reference spatial object. In addition,
the function f can satisfy natural continuity proper-
ties:

e temporal continuity: for every € V, the function
fz(t) = f(z,t) is continuous;

e spatial continuity: for every t € I, the function
fe(z) = f(z,t) is continuous.

Intuitively, temporal continuity is violated if f(to)
has a jump or a gap for some tg. Spatial continuity
is violated if there are holes in a snapshot of a spa-
tiotemporal object.

Definition 2.3 A molecular geometric object o of di-
mension d is a finite set of atomic geometric objects
of dimension d whose time domains are disjoint.

Discrete change is modeled using molecular geomet-
ric objects consisting of atomic objects whose transfor-
mation functions are identities. Thus discrete change
is a special case of continuous change.

2.2 Classes of geometric objects

Special classes of geometric objects are defined us-
ing restrictions on their reference spatial objects, time
domains, or transformation functions. We use the no-
tation AS:TF to refer to the class of atomic geomet-
ric objects whose reference spatial objects belong to
the class S of spatial objects, time domains to the
class T of subsets of R, and transformation functions
to the class F of functions. Similarly, we’ll denote
BST:F to refer to the class of molecular geometric
objects consisting entirely of AS:7-F atomic objects
and (BS7T-7)* —to the class of finite unions of BS 7%
molecular objects.

For the purpose of this paper we fix the number of
spatial dimensions d = 2. We consider now classes of
concrete temporal objects, spatial objects and func-
tions. In this way we obtain classes of concrete spa-
tiotemporal objects. For T, we consider only inter-
vals. For S, we consider Rect (rectangles with all sides
parallel to the axes) and Polygons (convex polygons).

There are many more choices for F, although the
following is not a complete list:

1. Aff: the class of affine transformation functions
defined by a pair (A, B) where A is a d X d-matrix
(whose elements are functions of t) and B is a d-
vector (called a displacement vector). Then

f(Z,t0) = A, @ + By,

where Ay, (vesp. By,) is obtained by substituting
tin A (resp. B) by to. We specialize Aff to sub-
classes obtained by fixing the class of functions
of t allowed. We have: Aff** (rational func-
tions which are quotients of polynomials), Aff Poly
(polynomials), and Aff “™ (polynomials of degree

1).

2. Sc: asubclass of Aff where the matrix A is of the

form
fie) 0
0 f2(t)
(this corresponds to (z,y)-scaling and transla-

tion). Similarly to Aff, we define the subclasses
R Pol Li
Scftet §ePol and Selm,

3. Trans: a subclass of Sc where the defining pair
(A, B) is such that A is the diagonal matrix (this
corresponds to translations only). Again, we also
have Trans®%, TransT°W, and Trans™®.

4. Id: asubclass of Trans where B is the zero vector.

Using our framework, one can represent various
kinds of continuous change: movement, growth, or
shrinking. Also, discrete change can be modeled ad-
equately. For example appearance/disappearance can
be modeled by having a molecular spatiotemporal ob-
ject with several separate atomic spatiotemporal ob-
jects, each representing a different incarnation.

Notation: to simplify the notation we will write
(S,F) for (BST-F)* as we consider only temporal
intervals and molecular objects.

3 Examples

Example 1: Suppose we are given an object 0y
which is a moving rectangle. At the reference time
the rectangle has left-lower corner (9,10) and right-
upper corner (19,20). Suppose that during the next
five units of time the rectangle is moving left with a
speed of one unit decrease in = for each unit of time.

The object 0, can be represented by a quadruple
(Vi,v1,I1, f1) where V; is the set of points {(z,y) :
9<2<19,10<y <20}, v1i80,I; is 0 <t < 5, and
f1 is a transformation function that is composed of a
matrix A;:

= O
—



and displacement vector Bj:

-t
0

Example 2: Suppose we are given an object oo
which is a moving rectangle. At the reference time
the rectangle has left-lower corner (15,8) and right-
upper corner (25,17). Suppose that during the next
five units of time the rectangle is moving left with a
speed of two units decrease in x for each unit of time.

The object 02 can be represented by a quadruple
(Va,v2, Iz, f2) where V5 is the set of points {(z,y) :
15<2<25,8<y<17},v2is0,Iis 0 <t <5, and
f2 is a transformation function that is composed of a
matrix As:

and displacement vector Bs:

—2t
0
Figure 1 shows the snapshots of 0, and 02 at t =0
(thick black lines) and ¢ = 5 (thin gray lines). The

filled areas represent the intersection of o1 and oy at
t =0 (black) and t = 5 (gray).
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Figure 1: Rectangle intersection

The intersection of 0; and 0, can be represented
by a new object o3 which is a quadruple (V3,v3, I3, f3)
where Vj is the set of points {(z,y) : 15 <2 < 19,10 <
y <17}, v3is 0, I3 is 0 < ¢t < 5, and f3 is a transfor-
mation function that is composed of a matrix As:

and displacement vector Bj:

23
-8y
0
The function f3 is a ScX™ transformation function
and the intersection itself is a (Rect, Sc”™) object. So
although the objects 0; and oy are represented using

translations, a more general geometric transformation
— scaling — is necessary to represent their intersection.

4 Closure

Closure under set-theoretic operations (intersec-
tion, union, set difference) is essential for the spa-
tiotemporal objects to be usable in the context of
query languages. For example, intersection is required
by the spatiotemporal equijoin. Notice that the spatial
and temporal objects considered separately are closed
under such operations, so the challenge is to consider
space and time together in a single spatiotemporal ob-
ject. For spatiotemporal objects representing discrete
change spatiotemporal intersection reduces to spatial
and temporal intersection. However, for more general
spatiotemporal objects this is not the case.

In general, the result of applying a set-theoretic op-
erator to two spatiotemporal objects of a given class
may fail to be an object of this class. It would then be
essential to determine the smallest possible class con-
taining such a result. Thus, in the study of closure,
we have two kinds of results: positive and negative.
For positive results, one shows that applying a set-
theoretic operator to any objects of class Cy always
results in an object of class Co (if C; = C, in this
case, then C} is closed under the operator). For neg-
ative results, one shows that there are objects of class
C; that the result of a set-theoretic operator applied
to those objects is not an object of class Cy (if C; = Cy
in this case, then C} is not closed under the operator).
We will show examples of both positive and negative
results. Much work remains still to be done before
closure is completely characterized for various classes
of spatiotemporal objects.

We start by formulating in our framework a result
of Worboys. (Worboys’ framework [8] is capable of
representing only discrete change.)

Theorem 4.1 (Polygons, Id) is closed under inter-
section, union and set difference.



The following new results deal with classes of spa-
tiotemporal objects that can represent continuous
change. They illustrate the difference between the clo-
sure properties of geometric objects based on rectan-
gles and those based on general polygons.

Theorem 4.2 (Rect, Sc™) is closed under intersec-
tion, union, and difference.

Proof: It is obvious that two sets of rectangular
objects are closed under any of the above operators if
any two arbitrary rectangular objects are closed under
the above operators.

Let us assume that o; is a (Rect, Sc“™) object rep-
resented by a quadruple (Vi,v1, I, f1) where V; is the
set of points {(x,y) : e¥020fF,e¥0ybfY}, vy is to, I1 is
g10t0hy, where 6 is either < or <, and f; is a trans-
formation function that is composed of a matrix A;:

aft +¢ 0
0 adt 4+~

and displacement vector Bj:

Byt + 67
BYt + 8¢

Similarly, let us assume that o2 is another
(Rect, Sc*™) object similar to o; except that each pa-
rameter is represented with superscript 2 in oy and
V2 = Vq.

Then the intersection of o; and os can be rep-
resented by a new object o3 which is a quadruple
(V3,ws, I3, f3) where V3 is the set of points in the inter-
section of V4 and Vs, v3 = vs = vy, I3 is the intersec-
tion of I; and I, and f3 is a transformation function
that is composed of a matrix As:

agt +§ 0
0 ajt+ 3

and displacement vector Bs:

B3t + 0%
BYt + 6%

To define the necessary parameters, we first for any
t and z either z or y,
PE(t)” = max((ajt+77)ef +(Bit+67), (a5t +75)es +
(B3t + 65))
P(t)* = min((ait+7§) ff +(Bit+07), (a5t +3) f5 +
(B3t +63))
Ax(t) = P*(t)* — P*(t)”

In the above PZ#(t) is the interval that is the pro-
jection of the spatiotemporal object o3 onto the z axis

at time ¢. The superscript — and + after P#(t) means
the left or right end point of this interval and AZ(t)
means the length of the interval.

We assume that A%(0) # 0. Since the reference
time of any object can be changed to another value, it
is possible to find a reference time where this condition
holds for any pair of non-degenerate objects with a
non-empty intersection. This we do as follows.

At t =1 we have for coefficients a; = of +v§ and
by = /8?}: + (ng

Pw(].)_ = alP‘”(O)_ + b1

Pw(1)+ = Cllpw((])-i_ + b1

Hence a; = 2:%3! and

b= P*(1) = 50} P(0)”

Similarly, for ¢t = 2 we have for coefficients aa =
205 +~§ and by = 26§ + 03,

P$(2)_ = GQPZ(O)_ + by

P* (2)+ = Clgf)m (0)+ + b2

where as = ﬁz—gggmand

by = P*(2)” — 223 P*(0)

Solving for the coefficients, we have:

a3 =az —ap

B3 =by—b
7§=2a1—a2
0% = 2by — by

Substituting we get the following equations for both

when z is z and similarly when z is y.
z _ A*(2)-A*(1)

A3 = — A0
z _ 287 (1)-A*(2)
3= 7 A=0)

B = —P*(0) a3 = P*(1) + P*(2)-
0 = ~P*(0) % +2P*(1)” = P*(2)”
O

Theorem 4.3 (Polygons, Sc*™)
is closed under union, but not under intersection or
difference.

Proof: Consider a spatiotemporal object o =
(Vi,v1, I1, f1) where V] is a right-angled triangle with
vertices (0,0),(0,1),(1,0), vy =0, I; =[0,5] and f; is
given as the matrix
1 0
o et ]

together with a zero displacement vector, and a spa-
tiotemporal object oo = (V3,vs, I5, f2) where V5 is a
right-angled triangle with vertices (0, 0), (1,0),(1,1),
vo =0, I, = I, and f, is given as the matrix

1 0
0 2t+1



together with a zero displacement vector. The inter-
section of those two triangles is another triangle with
the vertices (0,0), (1,0), (z¢,y¢). It is easy to see that

T — Yt
DT |
and
11— = Yt
R
Thus
- t+1
P73t +2
and

t+1)(2t+1)
3t+2

Figure 1 shows the snapshots of 0; and 0; at t = 0
(thick black lines) and ¢ = 2 (thin gray lines). The
filled areas represent the intersection of 0o; and oy at
t = 0 (black) and ¢ = 2 (gray). The intersection of
01 and o, can be represented as two spatiotemporal
objects 03 = (V3,v3,I3, f3) and o4 = (Vi,vs, 14, fa).
For the object o3, V3 is a right-angled triangle with
the vertices (0,0),(3,0),(3,%), v3 =0, I3 = I1, and
f3 is given as

Y =

2(t+1) 0
3t+2
0 2(¢+1)(2t+1)
3t+2

For the object o4, Vy is a right-angled triangle with
the vertices (%,0),(1,0),(3,%), va =0, Iy = I1, and
f1 = f3. Tt is clear that o3 and o4 cannot be expressed
using scaling which is linear, or even polynomial, in ¢.
O

Conjecture: (Polygons, Sc is closed under inter-

section, union, and set-difference.

Rat)

5 Conclusions

Spatiotemporal data models and query languages
are a topic of growing interest. The paper [8], men-
tioned in section 4, presents one of the first such mod-
els. In [2] the authors define in an abstract way mov-
ing points and regions. Apart from moving points,
no other classes of concrete, database-representable
spatiotemporal objects are defined. In that approach
continuous movement (but not growth or shrinking)
can be modeled using linear interpolation functions.
In [3] the authors propose a formal spatiotemporal
data model based on constraints in which, like in [§],
only discrete change can be modeled. An SQL-based
query language is also presented. We have proposed
elsewhere [1] a spatiotemporal data model based on
parameterized polygons: polygons whose vertices are
defined using linear functions of time. This model is

Figure 2: Triangle intersection

also capable of modeling continuous change and its
relationship to the framework presented in this paper
needs to be explored.

Both discrete and continuous change can be repre-
sented using constraint databases [4]. Compared to
the latter technology, our approach seems more con-
structive and amenable to implementation using stan-
dard database techniques (see below). On the other
hand, constraint databases do not suffer from the lack
of closure under intersection. To some degree, it is
due to the fact that the intersection of two general-
ized tuples in constraint databases is not immediately
computed but rather the tuples are only conjoined to-
gether. The “real” computation of the intersection
occurs during projection or the presentation of the re-
sult of the query to the user. It is unclear whether
such a strategy offers any computational advantages



over the approach in which the intersections are com-
puted immediately. Recent work on spatial constraint
databases [5] has proposed extensions to relational al-
gebra that allow immediate computations of spatial
object intersections. Also, our approach is potentially
more general than constraint databases. For example,
by moving beyond rational functions (but keeping the
same basic framework) we can represent rotations. Fi-
nally, in our model it is easy to obtain any snapshot of
a spatiotemporal object, making tasks like animation
straightforward. It is not so in constraint databases
where geometric representations of snapshots have to
be explicitly constructed from constraints.

To implement our approach, it is sufficient to be
able to represent in a database the following:

e spatial objects (a solved problem for many classes
of such objects),

e temporal objects (again a solved problem),
e function objects (lambda terms).

Although to our knowledge none of the currently avail-
able DBMS provides the last option, we believe that
the object-relational (or object-oriented) technology
will soon make it feasible. In fact, one of the earliest
object-relational DBMS, Postgres [6], allowed storing
functions as tuple components. Also, some object-
oriented data models, e.g., OODAPLEX [10], permit
functions as first-class objects.
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