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Constraint Pro
essing

• Constraint Satisfa
tion:� Modeling and problem de�nition (Constraint Satisfa
tionProblem, CSP)� Algorithms for 
onstraint propagation� Algorithms for sear
h
• Constraint Programming: Languages and tools� logi
-based� obje
t-oriented� fun
tional
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Courses on Constraint Pro
essing

http://
se.unl.edu/�
houeiry/Constraint-Courses.html

• CSCE 421/821 Foundations of Constraint Pro
essing

• CSCE 921 Advan
ed Constraint Pro
essing
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Outline

• Problem de�nition and examples
• Solution te
hniques: sear
h and 
onstraint propagation

• Exploiting the stru
ture
• Resear
h dire
tions
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What is this about?Context: Solving a Kendoku PuzzleProblem: You need to assign numbers to unmarked 
ellsPossibilities: You 
an 
hoose any number between 1 and 5Constraints: restri
t the 
hoi
es you 
an makeUnary: You have to respe
t prede�ned 
ellsBinary: No two 
ells in same row, 
olumn, blo
k have the same valueGlobal: All the 
ells in ea
h area must summ up to a given value.

You have 
hoi
es, but are restri
ted by 
onstraints

−→ Make the right de
isions

B.Y.Choueiry
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Constraint Satisfa
tionGiven

• A set of variables: 25 
ells

• For ea
h variable, a set of 
hoi
es {1,2,3,4,5}
• A set of 
onstraints that restri
t the 
ombinations of values thevariables 
an take at the same timeQuestions

• Does a solution exist? 
lassi
al de
ision problem

• How two or more solutions di�er? How to 
hange spe
i�

hoi
es without perturbing the solution?

• If there is no solution, what are the sour
es of 
on�i
ts?Whi
h 
onstraints should be retra
ted?

• et
.
B.Y.Choueiry
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Constraint Pro
essing is about

• solving a de
ision problem

• while allowing the user to state arbitrary 
onstraints in anexpressive way and

• providing 
on
ise and high-level feedba
k about alternativesand 
on�i
ts
Power of Constraints Pro
essing

• �exibility & expressiveness of representations

• intera
tivity, users 
an 8

<

:

relaxreinfor
e 9

=

;


onstraints

Related areas: AI, OR, Algorithmi
, DB, Prog. Languages, et
.
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De�nition

Given P = (V ,D, C):

• V a set of variables

V = {V1, V2, . . . , Vn}

• D a set of variable domains (domain values)
D = {DV1

, DV2
, . . . , DVn

}

• C a set of 
onstraints
CVa,Vb,...,Vi

= { (x, y, . . . , z)} ⊆ DVa
×DVb

× . . .×DViQuery: 
an we �nd one value for ea
h variablesu
h that all 
onstraints are satis�ed?

In general, NP-
omplete

B.Y.Choueiry
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Terminology

• Instantiating a variable: Vi ← a where a ∈ DVi

• Variable-value pair (vvp)
• Partial assignment
• No good

• Constraint 
he
king
• Consistent assignment
• Constrained optimization problem: Obje
tive fun
tion

B.Y.Choueiry
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Representation: Constraint graph

Given P = (V ,D, C)















V = {V1, V2, . . . , Vn}
D = {DV1

, DV2
, . . . , DVn

}
C set of 
onstraints

CVi,Vj
= { (x, y)} ⊆ DVi

×DVj

Constraint graph
{ 1, 2, 3, 4 }

{ 3, 5, 7 }{ 3, 4, 9 }

{ 3, 6, 7 }

v2 > v4

V4

V2

v1+v3 < 9

V3

V1

v2 < v3 

v1 < v2

B.Y.Choueiry
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Example I: Temporal reasoning

[ 5.... 18]

[ 4.... 15]

[ 1.... 10 ] B < C

A < B

B

A

2 < C - A < 5
C

−→ C-A ∈ [2, 5℄ is a 
onstraint of bounded di�eren
es

B.Y.Choueiry
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Example II: Map 
oloringUsing 3 
olors (R, G, & B), 
olor the US mapsu
h that no two adja
ent states do have thesame 
olor

{ red, green, blue }

{ red, green, blue }

{ red, green, blue }
{ red, green, blue }{ red, green, blue }

WY

NE

KS

OKNM

TX

LA

CO

UT

AZ

AR

Variables? Domains? Constraints?
B.Y. Choueiry 12 Instru
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In
remental formulation: as a sear
h problem

Initial state: empty assignment, all variables are unassignedSu

essor fun
tion: a value is assigned to any unassignedvariable, provided that it does not 
on�i
t with previouslyassigned variables (ba
k-
he
king)Goal test: The 
urrent assignment is 
omplete (and 
onsistent)Path 
ost: a 
onstant 
ost (e.g., 1) for every step, 
an be zero

� A solution is a 
omplete, 
onsistent assignment.� Sear
h tree has 
onstant depth n (# of variables) → DFS!!� However, path for rea
hing a solution is irrelevant- Complete-state formulation is OK- Solved with lo
al sear
h (ref. SAT)

B.Y.Choueiry
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Domain types

Given P = (V ,D, C)















V = {V1, V2, . . . , Vn}
D = {DV1

, DV2
, . . . , DVn

}
C set of 
onstraints

CVi,Vj
= { (x, y)} ⊆ DVi

×DVj

Domains:

−→ restri
ted to {0, 1}: Boolean CSPs
−→ Finite (dis
rete): enumeration te
hniques works

−→ Continuous: sophisti
ated algebrai
 te
hniques are needed
onsisten
y te
hniques on domain bounds

B.Y.Choueiry
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Constraint arity

Given P = (V ,D, C)















V = {V1, V2, . . . , Vn}
D = {DV1

, DV2
, . . . , DVn

}
C set of 
onstraints

CVk,Vl,Vm
= { (x, y, z)} ⊆ DVk

×DVl
×DVm

Constraints: universal, unary, binary, ternary, . . ., globalRepresentation: Constraint network

V3

v1+v2+V4 < 10

v1+v3 < 9
v2 < v3 

v1 < v2V1 V2

v2 > v4

V4{ 3, 5, 7 }

{ 1, 2, 3, 4 } { 3, 6, 7 }

{ 3, 4, 9 }

B.Y.Choueiry
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Constraint de�nition

Constraints 
an be de�ned

• Extensionally: all allowed tuples are listedpra
ti
al for de�ning arbitrary 
onstraints
CV1,V2

= {(r, g), (r, b), (g, r), (g, b), (b, r), (b, g)}

• Intensionally: when it is not pra
ti
al (or even possible) to listall tuples, de�ne allowed tuples in intension.
CV1,V2

= {(x, y) |x ∈ DV1
, y ∈ DV2

, x 6= y}
→ De�ne types of 
ommon 
onstraints, to be used repeatedlyExamples: Alldi� (a.k.a. mutex), Atmost, Cumulative,Balan
e, et
.Other types of 
onstraints: linear 
onstraints, nonlinear 
onstraints,
onstraints of bounded di�eren
es (e.g., in temporal reasoning), et
.

B.Y.Choueiry
16

Instru
tor'snotes#19
February27,2015



'&

$%
Example III: Cryptarithmeti
 puzzles

DX1 = DX2 = DX3 = {0, 1}
DF = DT = DU = DV = DR = DO = [0, 9]

(a)

OWTF U R

(b)

+

F

T

T

O

W

W

U

O

O

R

X3 X1X2

O + O = R + 10 X1X1 + W + W = U + 10 X2X2 + T +T = O + 10 X3X3 = FAlldi�({F, D, U, V, R, O})

B.Y.Choueiry
17

Instru
tor'snotes#19
February27,2015



'&

$%
How to solve a CSP?

Sear
h!1. Constru
tive, systemati
 sear
h2. Lo
al sear
h

B.Y.Choueiry
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Systemati
 sear
h

→ Starting from a root node

→ Consider all values for a variable V1

→ For every value for V1, 
onsider all values for V2

→ et
..

S

v1 v4Var 1

Var 2

v3v2

For n variables, ea
h of domain size d:- Maximum depth? �xed!- Maximum number of paths? size of sear
h spa
e, size of CSP

B.Y.Choueiry
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Ba
k-
he
kingSystemati
 sear
h generates dn possibilitiesAre all possible 
ombinations a

eptable?

S

v1 v4Var 1

Var 2

v3v2

S

v1 v4Var 1

Var 2

v3v2

→ Expand a partial solution only when 
onsistent

−→ early pruning

B.Y.Choueiry
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Before looking at sear
h..

Consider1. Importan
e of modeling/formulatingto 
ontrol the size of the sear
h spa
e2. Prepro
essing: 
onsisten
y �lteringto redu
e size of sear
h spa
e

B.Y.Choueiry
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Importan
e of modeling
N-queens: formulation 1

Variables?Domains?Size of CSP?
N-queens: formulation 2

variables?domains?size of 
sp?B.Y. Choueiry 22 Instru
tor's notes #19February 27, 2015



'&

$%
Constraint 
he
king

−→ Constraint �ltering, 
onstraint 
he
king, et
..eliminate non-a

eptable tuples prior to sear
h
[ 5.... 18]

[ 4.... 15]

[ 1.... 10 ] B < C

A < B

B

A

2 < C - A < 5
C

2- A: [ 2 .. 10 ]
C: [ 6 .. 14 ]

3- B: [ 5 .. 13 ]

C:  [ 6 .. 15 ]
1- B: [ 5 .. 14 ]

Revise(Vi,Vj)For every value x ∈ DViIf no y ∈ DVj

is 
onsistent with x Then DVi
← DVi

\ {x}

B.Y.Choueiry
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In AIMA: Remove-In
onsistent-Values(Vi,Vj)

Revise (Vi,Vj)1: revised← nil2: for all x ∈ Dvi

do3: for all y ∈ Dvj

do4: if Check((Vi, x), (Vj , y)) then5: Return(nil)6: end if7: end for8: DVi
← DVi

\ {x}9: revised← t10: end for11: Return(revised)

B.Y.Choueiry
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Ar
 Consisten
y

−→ AC(CV1,V2

) = Revise(V1,V2) and Revise(V2,V1)
−→ CSP is AC when all 
onstraints are AC.
−→ Algorithms: AC-1, AC-2, AC-3, . . ., AC-7 and ba
k to AC-3

−→ AC-3: O(n2d3)

B.Y.Choueiry
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AC-3 (
sp)1: Q← {(Vi, Vj) | CVi,Vj

exists}2: while Q 6= ∅ do3: (Vi, Vj)← Pop(Q)4: if Revise(Vi, Vj) then5: if Domain(Vi) = ∅ then6: Return(nil)7: else8: for all Vk | Vk 6= Vj and CVi,Vk

exists do9: Push((Vk,Vi),Q)10: end for11: end if12: end if13: end while14: Return(
sp)

B.Y.Choueiry
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Warning: ar
-
onsisten
y does not solve the problem

Example: 3-
oloring K4

• In general, 
onstraint propagation helps, but does not solve theproblem

• As long as 
onstraint 
he
king is a�ordable (i.e., 
ost remainsnegligible vis-a-vis 
ost of sear
h), it is advantageous to applyAC-3 before sear
h

B.Y.Choueiry
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Levels of 
onsisten
yNode 
onsisten
y: every value in the domain of a variable is
onsistent with the unary 
onstraints de�ned on the variableAr
-
onsisten
y: For any value in the domain of any variable,there is at least one value in the domain of any other variablewith whi
h it is 
onsistent.3-
onsisten
y: For any two 
onsistent values in the domains ofany two variables, there is at least one value in the domain ofany third variable with whi
h they are 
onsistent.

k-
onsisten
y: (k ≤ n)For any (k-1) 
onsistent values in the domains of any (k-1)variables, there is at least one value in the domain of any kthvariable with whi
h they are 
onsistent.Strong k-
onsisten
y: k-
onsisten
y ∀i ≤ k

B.Y.Choueiry
28

Instru
tor'snotes#19
February27,2015



'&

$%
Chronologi
al ba
ktra
kingWhat if only one solution is needed?

S

v1 v4Var 1

Var 2

v3v2 Var 1 v1 v2

S

−→ Depth-�rst sear
h & 
hronologi
al ba
ktra
king

−→ Terms: 
urrent variable Vc, past variables Vp, future variables

Vf , 
urrent path
→ DFS: soundness? 
ompleteness?

B.Y.Choueiry
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Example of BT

Western
Australia

Northern
Territory

South
Australia

Queensland

New

South

Wales

Victoria

Tasmania

WA

NT

SA

Q

NSW

V

T

WA=red WA=blueWA=green

WA=red
NT=blue

WA=red
NT=green

WA=red
NT=green
Q=red

WA=red
NT=green
Q=blue

B.Y.Choueiry
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Ba
ktra
k(ing) sear
h (BT)

Refer to algorithm Ba
ktra
king-Sear
h
• Implementation: Ba
ktra
king-Sear
hCareful, re
ursive, do not implement!!Use [Prosser 93℄ for iterative versions
• Variable ordering heuristi
: Sele
t-Unassigned-Variable

• Value ordering heuristi
: Order-Domain-Values

B.Y.Choueiry
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Improving BT

General purpose methods for:1. Variable, value ordering2. Improving ba
ktra
king: intelligent ba
ktra
king avoidsrepeating failure3. Look-ahead te
hniques: 
onstraint propagation asinstantiations are made

B.Y.Choueiry
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Ordering heuristi
sWhi
h variable to expand �rst?Exp: V1, V2, DV1

= {a, b, c, d},DV2
= {a, b}Sol: {(V1 = c), (V2 = a)} and {(V1 = c), (V2 = b)}

s

c

aV2 b a b a b

ba d
V1

V1

s

V2 ba

ba c dHeuristi
s: 8

<

:

most 
onstrained variable �rst (redu
e bran
hing fa
tor)most promising value �rst (�nd qui
kly �rst solution)

B.Y.Choueiry
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Examples of ordering heuristi
sFor variables:

• least domain (LD), aka minimum remaining values (MRV
• degree

• ratio of domain size to degree (DD)
• width, promise, et
. [Tsang, Chapter 6℄For values:

• min-
on�i
t [Minton, 92℄
• promise [Geelen, 94℄, et
.Strategies for 8

<

:

variable orderingvalue ordering 9

=

;


ould be 8

<

:

stati
dynami


B.Y.Choueiry
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Intelligent ba
ktra
kingWhat if the reason for failure was higher up in the tree?Ba
ktra
k to sour
e of 
on�i
t!!

Var 1 v1 v2

S S

v1 v2Var 1

→ Ba
kjumping, 
on�i
t-dire
ted ba
kjumping, et
.

→ Additional data stru
tures that keep tra
k of failure en
ounteredduring ba
k-
he
king [Prosser, 93℄

B.Y.Choueiry
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Look-ahead strategies: partial or fullAs instantiations are made, remove the values from the domain offuture variables that are not 
onsistent with the 
urrent pathTerminology

• Vc is the 
urrent variable

• Vf is the set of future variables, Vf is a future variable
• Instantiate Vc, update the domains of (some) future variablesStrategies

• Forward 
he
king (FC): partial look-ahead

• Dire
ted ar
-
onsisten
y 
he
king (DAC): partial look-ahead

• Maintaining Ar
-Consisten
y (MAC): full look-ahead

→ Spe
ial data stru
tures 
an be used to refresh �ltered domainsupon ba
ktra
king [Prosser, 93℄

B.Y.Choueiry
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Forward 
he
king (FC)

→ Apply Revise(Vf , Vc) to the ea
h variable Vf 
onne
ted to Vc

→ In AIMA, it is Remove-In
onsistent-Values(Vf , Vc)

Pro
edure:

• Instantiate Vc

• Apply Revise(Vf , Vc) to the ea
h variable Vf

B.Y.Choueiry
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Dire
t Ar
-Consisten
y (DAC)

→ Repeat forward 
he
king on all Vf ∈ Vf while respe
ting order
→ Appli
able under stati
 ordering

Pro
edure:

• Choose a variable ordering
• Instantiate Vc

• Apply FC to Vc

• Move to next variable Vf in ordering, and apply FC to Vf .Repeat for all variables in Vf in the spe
i�ed order.

B.Y.Choueiry
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Maintaining Ar
-Consisten
y (MAC)

→ Maintain AC in the subproblem indu
ed by Vf ∪ {Vc}
→ In pra
ti
e, useful when problem has few, tight 
onstraints

Pro
edure:

• Instantiate Vc

• Apply AC-3(Vf ∪ {Vc})Every 
onstraint revision uses two operations: Revise(Va, Vb)and Revise(Vb, Va)Updates domains of all variables in subproblems

B.Y.Choueiry
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Sear
h (V) Forward 
he
kingWhy not �lter right away e�e
ts of an a
tion?

B.Y. Choueiry 40 Instru
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CSP: a de
ision problem (NP-
omplete)1- Modeling:� abstra
tion and reformulation2- Prepro
essing te
hniques:� eliminate non-a

eptable tuples prior to sear
h3- Sear
h:� potentially dn paths of �xed length� 
hronologi
al ba
ktra
king� variable/value ordering heuristi
s� intelligent ba
ktra
king4- Sear
h `hybrids':� Mixing 
onstraint propagation with sear
h: FC, DAC, MAC

B.Y.Choueiry
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Non-systemati
 sear
h

• Methodology: Iterative repair, lo
al sear
h: modi�es a globalbut in
onsistent solution to de
rease the number of violated
onstraints

• Example: Min-Confli
ts algorithm in Fig 5.8, page 151.Choose (randomly) a variable in a broken 
onstraint, and
hange its value using the min-
on�i
t heuristi
 (whi
h is avalue ordering heuristi
)
• Other examples: Hill 
limbing, taboo sear
h, simulatedannealing, et
.
−→ Anytime algorithm
−→ Strategies to avoid getting trapped: RandomWalk

−→ Strategies to re
over: Break-Out, Random restart, et
.

−→ In
omplete & not sound

B.Y.Choueiry
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Exploiting stru
ture: example of deep analysis

• Tree-stru
tured CSP
• Cy
le-
utset method

B.Y.Choueiry
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Tree-stru
tured CSP

Any tree-stru
tured CSP 
an be solved in time linear in the numberof variables.

• Apply ar
-
onsisten
yDire
tional ar
-
onsisten
y is enough: starting from the leaves,revise a parent given the domain of a 
hild; keep going up tothe root

• Pro
eed, instantiating the variables from the root to the leaves

• The assignment 
an be done in a ba
ktra
k-free manner

• Runs in O(nd2), n is #variables and d domain size.

B.Y.Choueiry
44

Instru
tor'snotes#19
February27,2015



'&

$%
Cy
le-
utset method1. Identify a 
y
le 
utset S in the CSP (nodes that when removedyield a tree), the remaining variables form the set T2. Find a solution to the variables in S (S is smaller than initialproblem)3. For every 
onsistent solution for variables in S:

• Apply DAC from S to T

• If no domain is wiped out, solve T (qui
k) and you have asolution to the CSPNote:

• For a 
y
le 
utset |S| = c, time is O(dc.(n− c)d2). If graph isnearly a tree, c is small, and savings are large. In theworst-
ase, c = n− 2 :�(.
• Finding the smallest 
utset is NP-hard :�(

B.Y.Choueiry
45

Instru
tor'snotes#19
February27,2015



'&

$%
Tree de
omposition (tree-
lustering)Cluster the nodes of the CSP into subproblems, whi
h areorganized in a tree stru
ture:

• Every variable appears in at least one subproblem
• If 2 variables are 
onne
ted by a 
onstraint, they must appeartogether (along with the 
onstraint) in at least one subproblem

• If a variable appears in 2 subproblems, it must appear in everysuproblem along the path between the 2 subproblems.

WA

NT

SA

Q

NSW

V

T

T

WA

NT

SA

NT

SA

Q

SA

Q

NSW

SA NSW

V

B.Y.Choueiry
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Solving the tree de
omposition (tree-
lustering)
• Ea
h subproblem is a meta-variable, whose domain is the set ofall solutions to the subproblem.
• Choose a subproblem, �nd all its solutions.
• Solve the 
onstraints 
onne
ting the subproblem and itsneighbors (
ommon variables must agree).
• Repeat the pro
ess from a node to its des
endant.

• Complexity depends on w, the tree width of the de
omposition= number of nodes in largest subproblem - 1. It is O(ndw+1).

• Thus, CSPs with a 
onstraint graph of bounded w 
an besolved in polynomial time.
• Finding the de
omposition with minimal tree width inNP-hard..

B.Y.Choueiry
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Resear
h dire
tionsPre
eding (i.e., sear
h, ba
ktra
k, iterative repair, V/V/ordering,
onsisten
y 
he
king, de
omposition, symmetries & inter
hangeability,deep analysis) + ...Evaluation of algorithms:worst-
ase analysis vs. empiri
al studiesrandom problems?Cross-fertilization:SAT, DB, mathemati
al programming,interval mathemati
s, planning, et
.Modeling & ReformulationMulti agents:Distribution and negotiation

→ de
omposition & allian
e formation
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CSP in a nutshell (I)

Solution te
hnique: Sear
h8

<

:


onstru
tiveiterative repair

Enhan
ing sear
h:

8

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

:

intelligent ba
ktra
kvariable/value ordering
onsisten
y 
he
kinghybrid sear
h
♥ symmetries
♥ de
omposition
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CSP in a nutshell (II)

Deep analysis: exploit problem stru
ture 8

>

>

<

>

>

:

♥ graph topology
♥ 
onstraint semanti
sphase transition

Resear
h:

8

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

:

k-ary 
onstraints, soft 
onstraints
ontinuous vs. �nite domainsevaluation of algorithms (empiri
al)
ross-fertilization (mathemati
al program.)

♥ reformulation and approximation

♥ ar
hite
tures (multi-agent, negotiation)
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Constraint Logi
 Programming (CLP)

A merger of√ Constraint solving

−→ Logi
 Programming, mostly Horn 
lauses (e.g., Prolog)

Building blo
ks

• Constraint: primitives but also user-de�ned- 
umulative/
apa
ity (linear ineq), MUTEX, 
y
le, et
.- domain: Booleans, natural/rational/real numbers, �nite

• Rules (de
larative): a statement is a 
onjun
tion of 
onstraintsand is tested for satis�ability before exe
ution pro
eeds further

• Me
hanisms: satis�ability, entailment, delaying 
onstraints
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Constraint Pro
essing Te
hniques are the basis of newlanguages:Were you to ask me whi
h programming paradigm is likely togain most in 
ommer
ial signi�
an
e over the next 5 years I'dhave to pi
k Constraint Logi
 Programming (CLP), even thoughit's perhaps 
urrently one of the least known and understood.That's be
ause CLP has the power to ta
kle those di�
ult
ombinatorial problems en
ountered for instan
e in jobs
heduling, timetabling, and routing whi
h stret
h 
onventionalprogramming te
hniques beyond their breaking point.Though CLP is still the subje
t of intensive resear
h, it'salready being used by large 
orporations su
h as manufa
turersMi
helin and Dassault, the Fren
h railway authority SNCF,airlines Swissair, SAS and Cathay Pa
i�
, and Hong KongInternational Terminals, the world's largest privately-owned
ontainer terminal. Byte, Di
k Pountain
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