
'&

$%

Title: On the Conversion between Non-Binary and BinaryConstraint Satisfa
tion ProblemsAuthors: F. Ba

hus and P. van BeekPro
: AAAI 1998Pages: 310�319
Foundations of Constraint Pro
essingCSCE421/821, Spring 2008www.
se.unl.edu/~
houeiry/S08-421-821/

Berthe Y. Choueiry (Shu-we-ri)Avery Hall, Room 123B
houeiry�
se.unl.edu, Tel: (402)472-5444

B.Y.Choueiry

1

Instru
tor'snotes
April9,2008

'&

$%

Required reading:On the Conversion between Non-Binary and Binary ConstraintSatisfa
tion Problems, F. Ba

hus and P. van Beek (AAAI'98)
Re
ommended reading: n-FC available from 
ourse URL

• On forward 
he
king for non-binary 
onstraint satisfa
tion.C. Bessière and P. Meseguer and E.C. Freuder and J. Larrosa,Pro
eedings CP'99, Alexandria VA, pages 88-102.

• De
omposable Constraints.Ian Gent, Kostas Stergiou and Toby Walsh.Arti�
ial Intelligen
e, 123 (1-2), 133-156, 2000.
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Summary

• Studies 2 mappings of non-binary CSPs into a binaryrepresentation 





dual graphhidden variable

• Studies performan
e of BT sear
h in ea
h mapping vs. itsperforman
e in non-binary version

• Considers theoreti
al & experimental aspe
ts

• Proposes FC+, yet lookahead strategy
Our goal: Learn about the mappings

B.Y.Choueiry

3

Instru
tor'snotes
April9,2008

'&

$%

Fa
ts

• Non-binary 
onstraints useful in the modeling of manyappli
ations

• Most resear
h in CSPs is restri
ted to binary 
onstraints

• Generalizing te
hniques for binary CSPs to address non-binary
onstraints is not straightforward.. but sometimes done: FC & MAC

• Proje
tion looses information

• Usual work-around/justi�
ation: (
orre
tly) map non-binary
onstraints into binary ones
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Ideally

• Modeling: use the most expressive/natural representation

• Solving: use the most è�e
tive' representationPS: the è�e
tiveness' of a representation per se is a new, anddi�
ult, resear
h area. No 
lear metri
s exist, to my knowledge
Your options

• Dire
tly apply te
hniques for non-binary CSP...too few :�(

• Translate non-binary→binary, then solveTe
hniques for binary CSPs exploit graph/
onstraint propertiesDoes the translation preserve/yield su
h properties?...will the translation degrade the performan
e of thete
hniques developed for binary CSPs?
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Goal

• Study the e�e
t of the translation on the performan
e of BTsear
h

• Ultimately, establish properties of the translation to legitimizethe restri
tion of resear
h e�orts to binary CSPsConsiders two translation methods
Results

• In most 
ases, the non-binary representation is most e�e
tive

• For tight 
onstraints: binary representation wins
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Example:3SAT:

(X1 ∨X2 ∨X6)∧ (X̄1 ∨X3 ∨X4)∧ (X̄4 ∨ X̄5 ∨X6)∧ (X2 ∨X5 ∨ X̄6)

3SAT as a non-binary (ternary) CSPVariables: X1, X2, . . ., X6Domains: DXi
= {0, 1}Constraints: C126 = {(0, 0, 1), (0, 1, 0), . . . }, ex
ept (0,0,0)

C134 = {0, 1} × {0, 1} × {0, 1} \ {(1, 0, 0)}

C456 = {0, 1} × {0, 1} × {0, 1} \ {(1, 1, 0)}

C256 = {0, 1} × {0, 1} × {0, 1} \ {(0, 0, 1)}
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FC for non-binary 
onstraints

• A k-ary 
onstraint is forward-
he
kable, if- (k − 1) of its variables are instantiated- one variable uninstantiated

• BT-sear
h:- instantiate one variable- repeat: for ea
h newly f-
he
kable 
onstraint, 
he
k futurevariable- if any domain is empty, ba
ktra
k

• Improvements: n-FC, n-FC2, . . ., n-FC5
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Dual-graph representationUsually: 





CSP variable → node
onstraint → hyper-ar
 `label'
Dual graph: 






onstraint → node (
alled 
-variable)CSP variable → ar
 `label'

all-{(1,1,0)}

C456

all-{(0,0,1)}

C256

{(0,0,1), (0,1,0), (0,1,1), (1,0,0)
  (1,0,1), (1,1,0), (1,1,1) }

all - {(1,0,0)}

C134

C126

X1

X6

X5, X6
X2, X6X4

Constraint: X1 must have the same value in C126 and C134Domain of a 
-variable: 
onstraint de�nition
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Hidden-variable representationVariables: CSP variables +1 hidden variable (h-variable) per 
onstraintConstraints: only between a variable and the h-variables
orresponding to its appli
able 
onstraints

X2 X5 X6X4X3X1

C126

C134 C456

C256

Constraint: a value of C126 
orrespond to one value of X1Domain of the h-variable = domain of the 
-variable
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Two binary representations

• Dual graphNodes = only the 
onstraints(CSP variables are not represented)Simple ar
s between 
onstraints

all-{(1,1,0)}

C456

all-{(0,0,1)}

C256

{(0,0,1), (0,1,0), (0,1,1), (1,0,0)
  (1,0,1), (1,1,0), (1,1,1) }

all - {(1,0,0)}

C134

C126

X1

X6

X5, X6
X2, X6X4

• Hidden variableNodes = CSP variables and 
onstraintsSimple ar
s 
onstraints ←→ variables
X2 X5 X6X4X3X1

C126

C134 C456

C256

−→ Compare to Freuder's 
onstraint graphsB.Y. Choueiry 11 Instru
tor's notesApril 9, 2008
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I� Spa
e requirements

• Binary representations require additionalstoring of domains for the 
/h-variables(allowed k-tuples for ea
h k-ary 
onstraint)FC needs storage spa
e proportional to thesize of the domains (i.e., redu
tions)

→ 
ould be substantial

• No spa
e is needed to store 
onstraints inbinary representations: simple proje
tion ofan instantiation, 
an be done in 
onstant timeassuming domains of 
/h-variables arestored extensionally
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II� Analyti
al BoundsCriteria- number of visited nodes- number of 
he
ks performedWorking assumption- 
he
king k-
onstraint 
osts k operations- 
he
king binary 
onstraint 
osts 2 operationsComparison- dual-graph vs. non-binary- hidden-variable vs. non-binaryResult- not 
on
lusive (one 
an always build a 
asewhere solving BT+FC has a better performan
ein one representation than in another)- experimental eviden
e needed
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Dual graph vs. non-binary CSP (I)Loose 
onstraint ⇒ exponentially large domains for 
-variables ⇒non-binary is less 
ostlyExample:

n variables: X1, X2, . . . Xn

n 
onstraints: X1, X̄1 ∨ X2, X̄1 ∨ X̄2 ∨ X3, . . . , X̄1 ∨ X̄1 ∨ . . . XnNon-binary: n nodes, O(n2) 
onsisten
y 
he
ksDual-graph: n nodes, O(2n) 
onsisten
y 
he
ks
Tight 
onstraint ⇒ . . . ⇒ dual-graph is less 
ostlyExample:

n variables: X1, X2, . . . Xn

n 
onstraints: X1 ∧ . . . ∧ Xn−1,X1 ∧ . . . ∧ Xn−2 ∧ Xn, . . . , X2 ∧ . . . ∧ XnNon-binary: 2n−1 nodes, O(n2n) 
onsisten
y 
he
ksDual-graph: n nodes, O(n2) 
onsisten
y 
he
ks
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Improving FC: FC+

• The 
onstraint in the dire
tion hidden-var→CSP-var isfun
tional, but not vi
e-versa

• Sear
h on hidden-var representation is restri
ted to theCSP-vars, h-vars used only for propagation

• FC is repla
ed with FC+ to improve propagation

• FC+ triggered improvements into nFC0, nFC1, . . ., nFC5.
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ExperimentsCarried out on random CSPsResults have predi
tive power veri�ed by:- random 3SAT- 
rossword puzzles
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Con
lusionsTranslating non-binary 
onstraints involves overhead.Translation is perhaps worthwhile if 
onstraints are restri
tiveTranslation, as a strategy, is justi�able
Many open issues..

→ # tuples in 
onstraints a good indi
ator? probably..

→ dual graph vs. hidden-variable ?

→ .. we need to study further these translations/reformulations

→ to gain insight for designing good algorithms fornon-binary 
onstraints
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