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by Yaling Zheng (March 24-April 2)
Scribe: Nurzhan Ustemirov

1 Overview

Until this class we have seen variable-based consistency algorithms. In this
chapter, Yaling discussed relation-based consistency enforcing algorithms.

8.1 Relational consistency

Relational-arc-consistency (RAC): given anetwork R (CSP) and arelation Rs over a
set S, Rsissaid to be RAC relative to a variable x [0 Siff any instantiation of variablesin
S-{x} could be extended to avalue in Dy that satisfies Rs:

P(S—{x) 0 715 ,, (Rs >< D,)
A relation RsisRAC if it isRAC relative to every variablein S.
Finaly, aCSPis RAC iff every constraint in CSPis RAC.

Example: {a, b, c} arevariables, Ry, and Ry are relations (constraints).
And newly formed constraint (shaded rectangle with shaded edges)
R« iSRAC relativeto ‘b’. Where, ‘b’ isacommon variable.

Relational-path-consistency (RPC): given anetwork R (CSP) and relations Rs and
Rp, Rsand Rp are said to be RPC relative to a variablex [0 S n T iff any instantiation of
variablesin
A =SOT-{x} could be extended to avalue in Dy that satisfies both Rs and Rp:

p(AOm(Rs>< R ><D,)
A pair of relations Rsand Rp is RPC iff it is RPC relative to
every variableinSn T.
Finally, aCSPis RPC iff every pair of itsrelationsis RPC.

Example: {a, b, ¢, d, €} arevariables, Rapg and Ry are
relations (constraints). And newly formed constraint Rygee IS
RPC relativeto ‘b’, where ‘b’ isacommon variable.

From class discussion:
» If agraphiscomplete or triangulated RPC will
guarantee global consistency.
* Weareinferring a new relation between variables that are not related.
e Inbinary-CSP we use relations to update domains, while in relational -CSP we use
adomain of one variable to update domain of other variables.




Relational-m-consistency (R-m-C): given anetwork R (CSP) and relations
Rst, ... Rsm, Rsy, ... Rsm are said to be R-m-C relative to a variable x[J | in:lSI iff any

instantiation of variablesin A=Y S ~{x} hasan extension to avaluein Dy that
satisfiesal Rgy, ... Rgm constraints:

p(A) O my(><; Ry >< D,)
Set of relations Rgy, ... RanisR-m-C iff it is R-m-C relative to every variablein | in:ls, :

Finaly, aCSPis R-m-C iff every set of m relationsis R-m-C, aCSP is strong R-m-C if it
isR-i-C for everyi <m.

8.1.1 Space-bound vstime-bounds

Relational (i, m)-consistency (R(i,m)-C): a set of relations {Rg, ... Rsn} 1S R(i,m)-C

iff for every subset (A) of sizei AOY _S., any consistent assignment to A could be

j= 1
extended to YLSJ — A that satisfies all relation in the set {Rg, ... Ran}. Smilarly the

CSP would be R(i,m)-C iff every set of size mrelations is R(i,m)-C. In addition, a CSP is
strong R(i,m)-C iff it is R(j,m)-C for every j <.

From class discussion:
* Inverse arc consistency and arc consistency are identical
(relational (1,1)-consistency and AC)
» Neighborhood inverse consistency was discussed
(for those who are interested briefly[4], advanced paper [5])

8.2 Directional-r elational-consistency
Directional relational consistency (DRC): given anetwork R (CSP) and ordering
d=(x1, ... Xn), Rism-directionally relationally consistent iff
o for every subset of constraints {Rg, ..., Ren} Where the latest variable in any of the
constraints scopesis X
o forevery A, AO{x,,...,X_.}, every consistent assignment to A can be extended to

X
» simultaneoudly satisfies all relevant constraintsin {Rgy, ..., Ran}-

Complexity of DRC:

. . , : my, 2 \(w(d)+1) :

» time complexity of DRC,, aong ordering d |sO(nm [(2 Kk ) ) w*(d) is
width of a directional graph, n is number of variables, and k bounds the domain
Size

 time complexity of DRC,is O(n(4k2)

« complexity of DRC;is O(n [ Eﬂz) where e is the number of input relations and
t bounds the number of tuplesin each relation

(w*(d)+1))



8.3 Domain and constraint tightness
Domain tightness:
* A strong relational 2-consistent network over bi-valued domains is globally
consistent
» Astrong relational k-consistent constraint network R=(X,D,C) over domains with
at most k values is globally consistent

Constraint tightness:
» Aconstraint relation Rs of arity r is called m-tight if, for any variable x, [0 Sand

any instantiation a of the remaining r-1 variables in S{x}, either there are at
most m extensions of ato x that satisfy Rs, or there are exactly |Dg such
extensions

* A strongly relationally (m+1)-consistent constraint network with m-tightness is
globally consistent

8.4 Inference for Boolean theories
Resol ution operation over two clauses (@ 0Q) and (o 0~ Q) returns

(¢ 08) = EC, (models(a 0Q), models(30-Q)),

where Q' is the union of scopes of both clauses excluding Q (there are typos in the slide
#44, AND operators should be changed to OR in the second clause, and it is “and” not
OR between two clauses).

The resolution operation could be generalized extending literals a and S to
multiple conjunctions of literals as long as both clauses contain a common literal (should
be negated in either clause).

Relevance to the discussion: “resolution operation” could modify RC; to solve CNF
theories. Extended 2-composition from RC; is replaced with resolution, and applied until
no new resolvents generated.

Similarly “resolution operation” could be used to modify DRC, into Directional-
resolution (DR). In the DR algorithm extended 2-composition replaced with resolution
and instantiation is replaced with unit resolution.

Input: a Boolean network ¢ in CNF form and an ordering d.

Output: A decision whether ¢ is satisfiable or not.
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