CSCE310  Spring 2001

Solutions to Homework 4   

Acknowledgments and disclaimer: These notes are made available as a courtesy of the TAs and instructor. They are not guaranteed to be error-free or the most accurate, efficient or detailed. Feel free to notify the authors of bugs/improvements.  No ‘bonus’ will be awarded.

Page 232, problem12.3-3

a. The question in the book.

Let x = <x0, x1, x2, …, xi, …, x​j, …, x​​k> and y = <x0, x1, x2, …, xj, …, x​i, …, x​​k>  and suppose, without loss of generality that i < j. 

We have h(x) – h(y) = xi(2p)i  + x​j (2p)j -xj(2p)i -xi(2p)j  mod (2p –1)

Thus, h(x) – h(y) = (xi -xj)(2p)i  + (x​j -xi)(2p)j  mod (2p –1)

So, h(x) – h(y) = - (-xi +xj)(2p)i  + (x​j -xi)(2p)j  mod (2p –1)

And, h(x) – h(y) =  (x​j -xi)(2pj  - 2pi) mod (2p –1)

Since i < j, h(x)-h(y) = (x​j -xi) 2pj (2p(j-i)  - 1) mod (2p –1)

Since (an – 1) = (a –1) (an-1 + an-2 +….),  and let a =2p,

we have (2p(j-i)  - 1) = (2p  - 1) (2p(j-i-1)  +……)

Thus, h(x) – h(y) =  (x​j -xi) 2pj (2p  - 1) (2p(j-i-1)  +……) mod (2p –1)

Finally, h(x) – h(y) ( 0 (mod  (2p –1)) 

b. Same result when (ki=0xi = (ki=0yi 

This result, stronger than the previous one, was proposed and proven on the board by Gerard Gjonej during class.

Let x = <x0, x1, x2, …, xi, …, x​j, …, x​​k> and y = <y0, y1, y2, …, yi, …, yj, …, y​​k>.

x = x0(2p)0 + x1(2p)1 + x2(2p)2 + …+ xi(2p)i + …+ x​​k(2p)k and 

y = y0(2p)0 + y1(2p)1 + y2(2p)2 + …+ yi(2p)i + …+  y​​k(2p)k. 

Let’s rewrite x as follows : x = x0(2p)0 + x1(2p)1 + x2(2p)2 + …+ xi(2p)i + …+ x​​k(2p)k - x0 - x1 - x2 - …- xi - …- x​​k + x0 + x1 + x2 + …+ xi + …+ x​​k . So, 

x = x0((2p)0 –1)+x1((2p)1–1)+x2((2p)2 –1)+…+xi((2p)i –1)+ …+x​​k((2p)k –1) + (ki=0xi 
and 

h(x) = (2p  -1) (x1+x2(2p +1)+…+xi(2p(i-1) +…)+…+x​​k(2p(k-1) + ..))+(ki=0xi  mod  (2p –1)

h(x) = (ki=0xi  mod  (2p –1)

Similarly, we can show that h(y) = (ki=0yi  mod  (2p –1).


q.e.d

c. How (a) and (b) relate
(b) is a generalization of (a).  Justify why.

Page 242, problem12.4

a. The scheme is an instance of the general quadratic problem.

First, we set i=h(k) and j=0  and probe position i=h(k)

If we don’t find it and the position is not empty, we set j=1 and i= h(k)+ 1 mod m 

Then, j=2 and i = h(k)+ 1+ 2 mod m,  etc.  

So, in general, we probe the position i = h(k)+1+2+…+j mod m

( h(k, j) = h(k)+(ji=1i   mod m

( h(k,j) = h(k)+ j(j+1)/2 mod m

( h(k, j) = h(k) + ½ j + ½ j2 mod m. Thus, c1 = ½ and c2 = ½.

b. The algorithm examines every table position.

We need to prove that h(k, j) = h(k) + ½ j + ½ j2 mod 2p visits every position.

(We did a quite similar proof in class, as a reply to a question by Alan Grow, remember?)

Suppose we have two distinct probes j and j’, we prove that they cannot probe to the same slot for a given k.  So we suppose that h(k, j) =  h(k + j’) mod 2p and prove that this is impossible. 

Note that: 0 ( j, ‘j < m=2p because j ( (j+1) mod m (ref. step 3). Further, we suppose, without loss of generality, that j>j’.

h(k, j) =  h(k + j’) mod 2p  ( h(k) + j (j+1)/2 =  h(k)+ j’(j’+1)/2 mod 2p
( (j + j2 )/2= (j’+ j’2 )/2 mod 2p (  (j2 - j’2)/2 = -(j - j’)/2 mod 2p 

( (j+j’) (j-j’)/2 = -(j-j’/2) mod 2p ( (j - j’)(j + j’+ 1)/2 ( 0 (mod 2p) 

( (j - j’)(j + j’+ 1) = K. 2p+1, where K is an integer.

This cannot be true because:

1. (j-j’) and (j+j’+1) cannot have the same parity. If j and j’ have the same parity, both even or both odd, then (j-j’) is even and (j+j’+1) is odd.  If j and j’ have opposite parity then (j+j’+1) is even and (j-j’) is odd.

2. 0 ( j, j’( m-1=2p -1( 0( j+j’( 2p+1–2 ( 0( j+j’+1 ( 2p+1-1 ( 0 ( j+j’+1< 2p+1  

3. j-j’ < 2p
Either (j-j’) is odd and (j+j’+1) is even or (j+j’+1) is odd and (j-j’) is even.

· If (j-j’) is odd, we have (an odd number) multiplied by (a number < 2p+1 ) is a multiple of 2p+1, this is impossible.
· If (j+j’+1) is odd, we have (an odd number) multiplied by (a number < 2p) is a multiple of 2p+1, this is also impossible.
So, if j and j’ are distinct, h(k,j) and h(k,j’) cannot have same value mod m.              q.e.d.

