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4 N

Performance of Quicksort
Courtesy of C. Cusack

Pivot at position i: T'(n) =T(n—19)+T(i—1)+n
» may be different for each subarray, and at each

level of recursion

Best case: T'(n) < 2T(n/2) + n.
Solution: T'(n) = ©(nlogn).

Worst case:
Tn) = Th-1)+n
— n—l—(n—l)—l—...—|—1
= n(n+1)/2=0(mn%

Average case:
To(n)=n+ 237" (Ta(i — 1)+ Ta(n — 7))

o /
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/Average Case Courtesy of C. Cusack\

e We assume that the pivot has the same
probability (1/n) to go into each of the n
possible positions. This gives

T.(n) = n+ — Z (i — 1) + Ty(n — 1))
:n—l—%ZTa(i—l)—l—%Zn:Ta(n—i)
=n+%zn:Ta(i—1)

e The last step comes from the fact that the

two sums are the same, but in reverse order.

e We have seen that in the best case,

T'(n) = O(nlogn) and in the worst case,
T(n) = O(n?).

e We guess that T,(n) < anlogn + b, for two
positive constants a and b.

\\o We will prove this by induction. /

B.Y. Choueiry ].9 February 23, 2001




4 N

Proof: T(n) <anlogn+b
Courtesy of C. Cusack

e We can pick a and b so that the condition
holds for T'(1).

e Assume it holds for all kK < n. Then

T,(n) = n+ %zn:Ta(k —1)
k=1

n—1
2
— N Tk
H”; (k)

n—1

2
< —
< n+n§ (aklog k + b)
k=1
2b 2a <
= —(n—1)+ — klog k
n+n(n >+n;§:1 og

o /
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e It can be shown that

n—1 1 1
Zklogk < —n?logn — =n°.
2 8
k=1
e Substituting, we get
n—1
2b 2a
Ta = —(n—1)4+ — klogk
) = -1+ kg
2b 2a 1 2 1 2
< i — el _ =
< n+n(n 1)+n(2n logn Sn)
= n+26—2—b+anlogn—gn
n 4
= anlogn+b+(n—|—b—2—b—gn)
n 4
< anlogn—i—bJr(n—l—b—%n)
< anlogn + b.

e The last step can be obtained by choosing a

large enough.

e Thus, T'(n) = O(nlogn).

o

~

Courtesy of C. Cusack

/
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