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Abstract. Weconsiderconstrainsatisfactiorproblemswith variablesn continuouspumericadomains. Contrary
to mostexistingtechniquesyhich focuson computingonesingle optimal solution,we addresghe problemof
computinga compactrepresentationf the spaceof all solutionsadmittedby the constraints.In particulay we
showhow globally consisten{alsocalled decomposable) labelingsof a constraintsatisfactionproblemcanbe
computed.

Our approachs basedn approximatingegionsof feasiblesolutionsby 2% -trees arepresentationommonly
usedn computewisionandimageprocessingWe give simpleandstablealgorithmsfor computindabelingswith
arbitrarydegree®f consistencyThealgorithmscanprocessonstraint@andsolutionspace®f arbitrarycomple-
xity, butwith afixed maximalresolution.

Previouswork hasshownthatwhenconstraintsareconvex andbinary, path-consistencig sufficientto ensure
global consistency We showthatfor continuousdomains this resultcanbe generalizedo ternaryandin fact
arbitraryn-ary constraintaisingthe concepbf (3,2)-relationatonsistencyThis leadsto polynomial-timealgo-
rithmsfor computingglobally consistentabelingsfor a large classof constraintsatisfactiorproblemswith con-
tinuousvariables.

Keywords: consistencyalgorithms,convexity global consistencyconstraintsatisfactionconstrainfpropaga-
tion, intervalarithmetic forward checking numericalconstraintscontinuousconstraints

1. Introduction

Many problems,rangingfrom resourceallocationand schedulingto fault diagnosisand
design,involve numericalconstraintsatisfactiorasan essentiatomponent A constraint
satisfactionproblem(CSP)canhaveone,severalor no solutions. Most commonlyused
constraintsolversattemptto computea single solution,optimal accordingto somecrite-
rion. Most solversarebasedon linearandnon-linearprogrammingpthersusenumerical
analysis hill-climbing or stochasti¢echniques.

In manyapplicationstheconstrainsatisfactiorproblemis embeddedh alargerdecision
processin thiscasejt maybedesirable¢o computethespaceof all solutions.Thishasthe
advantagéhatno optimizationcriterionmustbeformulatedbeforehandandthatthespace
of possibilitiescanbe exploredsystematically In certainapplicationssuchasdiagnosis,
designandconfigurationtheseareimportantadvantagesln this papey we explorealgo-
rithmswhich constructtompactdescriptionof thecompletesolutionspace.

In computinghecompletesolutionspacdor aCSRthemainproblemis howto represent
it in acompactmanner:in theworstcase the numberof solutionsto a CSPmaybe expo-
nentialin the numberof variablesandit is clearlynot practicalto simply give alist of all



possibilities.Whenvariabledomainsarecontinuousthesolutionspacemaybeacomplex
shapean manydimensionsvhichis difficult to represenandreasorabout.

In consistency techniquesthe solutionspaces representedompactlyby labelsassigned
toindividual variablesandconstraintsWhenthelabelingis globally consistent, eachlabel
containsonly valuesor valuecombinationsvhich occurin atleastonesolution. To narrow
downthespacetheusercanrestrictor fix thevalueof anyoneof thevariables.Thisrestri-
ction is thenbe propagatedhroughthe constraint§moreprecisely the consistentabels
of theconstraintsandwill resultin correspondingestrictionson all othervariables.Such
alabelingis acompactsoundandcompleterepresentationf the solutionspaceadmitted
by the constraintsatisfactionproblem. In this paper we focuson the problemof how to
computesuchalabelingfor constrainthetworkswith continuousvariables.

In discretedomains,labelsare representedimply as enumeration®f valuesor value
combinationsin continuousilomains setsof individual valuesareoftencompactandcan
berepresentethy oneor a smallcollectionof intervals. However representingand ma-
nipulatinglabelsof severalvariabless moreinvolved asthey maybe complexgeometric
shapes.In this paperwe presentonsistencyalgorithmsusingthe quadtree/octreeepre-
sentatiordevelopedn computewisionto computealabelingof anydegreeof consistency
in continuougdomains.

Onecandistinguishdifferentordersof consistencyaccordingo thesizeof subnetworks
takeninto consideration1-consistencfor networksnvolving 1 variableonly, 2-consistency
for 2 variablesandin generak-consistencyor networksinvolving k variables.Freuder
(Freuder1978)providesanalgorithmfor computingk-consistentabelingsfor constraints
in discretedomainsvhoseruntimeis exponentialn k.

While in generalcomputinga consistentabelingis NP-hard recentresultsshowthatin
the casewhereconstraintsare convex, low ordersof consistencyareequivalento global
consistencyForthe casef (i) binarydiscreteand(ii) binarytemporalconstraintginvol-
ving atmost2 variables)jt hasbeenshownthatpath-consistencyalsocalled3-consistency)
is equivalento globalconsistencyvanBeek,1992),(Dechteret al., 1990). In this paper
we showthatsimilar resultscanbe statedfor continuousconstraintof arbitrarytypesand
arities,contraryto thediscretecasevheregeneralizationo non-binaryconstraint$osesthe
polynomialtime complexityboundgvanBeekandDechtey 1995).

Practical motivation

Thiswork hasbeenmotivatedby a projectonintelligentdesignsystemgFaltingset al.,
1992),(Haroudet al., 1995)which revealedhe shortcomingof existingtechniquesnd
broughto light technologicafequirementsherento awidevarietyof practicalproblems.

Manypracticalkcontinuousonstrainsatisfactiorproblemsreembeddeéh decisiorpro-
cessesThesetof variablesandconstraintds notindependenof particularsolutionsand
maychangedependingnthevaluechoserfor certainvariables Figurel showsanexample
from civil engineeringvhich illustratesthis point. The problemis to designa floor con-
sistingof a concreteslabon steelbeams.Dependingon the valueschoserfor depthand
spanof the beam differentdesignalternativesrepossible shownin Figure2:

e asthedepthto spanratio becomeshigher susceptibilityto vibrationsincreasesThis
requirednstallingbridging(lateralreinforcementsfor dampingthefloor (Figurel, op-
tion -a-). Thisis thecasewhenthe beamdimensiondall into regions3 and4.
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Figure 1. A civil engineering design problem presenting various design options.
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Figure 2. Dependence of design options on values chosen for beam depth and span.



¢ Theplenumis the spacesituatedbetweerthefloor of onestoryandthe ceiling of the
storybelowit (Figurel). Theplenumis oftenafixedheight,andthereis ageneraprefe-
rencefor havingtheventilationductsgo belowthebeamswithin this plenum(Figurel,
-c-). Howevey for arelatively deepbeamwherethe height(h) is greatetthan500mm
(regiond), it is generallyno longerpossiblefor thoseductsto go underthebeams At
this point,rectangulabpeningsnustbemadein thebeamgqFigurel, -b-) to allow pas-
sageof theventilationducts.

e Forconnectindbeamattheirendsthemosteconomicatonnections by end-plategFi-
gurel, -e-), butthisis only feasiblefor a depthof lessthan350mm(regions0 and1).
For greaterdepths,a double-angleonnection(Figure 1, -d-) might be moreadvanta-
geoug(regions2, 3 and4).

When numericalvaluesof parameterserveasthe basisfor decisionsand impactthe
whole resolutionprocessthe identificationof single point solutions satisfyingthe setof
activeconstraintaisuallyfails to identify all options. In the exampleof Figurel, a tradi-
tional mathematicaiethodsuchaslinear programmingwould identify a single solution
within oneof theregions0, 1,2, 3 or 4. Thisforcesthedesigneiinto a particularchoiceof
designalternativegpurelyonthegroundsof idiosyncrasiesf theconstrainsolvingproce-
dureandhis optimizationcriterion.

Usingconsistencyechniquegrovidesthe user(or anothemprogram)with ranges of fe-
asiblevaluesassoundandascompleteaspossiblewhich allow rationaldecisions.In this
exampleijt turnsoutthatglobal consistencysimportant:thebeamsdepthandspararelin-
kedto othervariableqslabthicknesspeamspacingthroughseverahon-linearequations.
Region0 eventuallyturnsout to be inconsistenwith theseconstraintsput this is not de-
tectableusingonly local consistencymethods. Thus,a designemight choosesolutions
which ultimatelywould turn outto beinfeasible.

In practice,continuousvariablesadmitaninfinite setof values.By restrictingthe form
of constraintsit becomegpossibleto reasoraboutadmissiblevaluesalgebraically In this
paperwe pursueanalternativesolution. In practicemostcontinuousariablescanonly be
fixedwith acertainmaximalprecision.Forexamplejt would beunimaginabldo construct
abridgeof 10 km whoselengthwould be preciseto the micrometerange.Thus,solution
spaceareonly usefulwhentheyrequireno morethansomemaximalprecision.We the-
reforediscretizevariablerangedo the maximalusefulresolution.Thisleadsto algorithms
which arestableandapplicableto constraintof arbitraryform.

We startthis papetby reviewingrelatedwork. We go onto presentheconstrainindso-
lution spaceaepresentationgndalgorithmsfor makingthemconsistentFinally, we show
how andin whatcircumstancesve canefficiently computeglobally consistentabelings,
andgive a concreteexampleof anapplication.

2. Processing continuous constraints

While extensivelyappliedto discreteproblems consistencyechniquehavehadfew re-
sultsfor of continuousconstraints.This is not surprisingwhenwe considerthe fact that



consistencyalgorithmsare mainly usedas preprocessingroceduregor enablingsearch,
whichis mostusefulfor discretgproblems Althoughcontinuoudeasibilityspacegreclude
enumeratiornn thestrictsensethe notionof constrainpropagatiorfor local pruningis ap-
pealingfor continuougproblemsy providingarapidandflexibleapproximatiortechnique.

In this work we investigatethe contributionof propagatiortechniquego constraintsa-
tisfactionproblemsin continuousddomains.

In thefollowing, acontinuous CSP (CCSP)(P = (V, D, R)), is definedasasequenc&’
ofvariablesz1, z», . . . z,,, takingtheirvaluesespectivelyn asetD of continuousiomains
Dy, Ds, ..., D, andconstrainedby asetof relations R+, . . ., R,,,. A domainis aninterval
of ® andarelation is definedintensionallyby a setof arbitraryequalitiesandinequalities.
Constraint@reusuallygivenasnumericakqualitiesandinegualities of arbitrarytypesand
arities.

In ak-aryCCSPReverysubsebfvariables{z1, . . .z, } hasasinglerelationR,, . ., which
defineconsistenvaluecombinationsThisrelationmaysummarizeseveraktonstraintsn-
volving thesamevariablesandis alsocalledatotal constraint(Faltings,1994).
Consistency techniquesin continuous domains

Early work on constraintpropagatiorfor continuousdomains suchasthe work of Da-
vis (Davis, 1987),hasshownlittle successThe convegenceof local propagatiortechni-
gues,suchasthe Waltz algorithm,cannotbe guaranteedrFurthermorewhenappliedin a
straightforwardmannerit is notevenpossibleto guarante¢hatlocal propagatiorensures
arc-consistencyA goodinsightinto the problemsencounteredanbe foundin the paper
of Davis(Davis, 1987).

Foralongtimethesenegativeresultshavebeenattributedo theanalyticalcomplexityin-
herento solvinggenerabystem®f equationgndinequalities RecentdvancegHyvonen,
1992),(Faltings,1884),(Lhomme,1993)and(Benhamotet al., 1994),havehoweverqu-
estionedheseconclusionaindproposedrariousremediesandsignificantimprovements.

Yet, sincecomposingcontinuousconstraintsaumericallyis a complextask,mostof the
techniquedor continuousCSPswork with the unaryprojectionof constraintgatherthan
constraintshemselveandthevastmajority of propagatiortechniquesrevariationsof the
sameheme— fixed-pointiterationvia arc-consistencglgorithms— with emphasigputon
improvingthetighteningthe outerboundson variabledomains.Constraintsaregenerally
roughlyapproximatedby thefeasibilitydomainsof thevariablegheyinvolve andthecom-
binationof constraintghenreducego elementanpperation®nintervals.

Thefirst practicalimplementationgimited themselveso basicinterval arithmeticopera-
tionsfor refiningtheintervalslabels throughfixed pointiterates.Sinceintervalarithmetic
oftenproducesunrealisticestimatestheseimplementationsirerelativelyweak. Improve-
mentshavebeenproposedasedn:

¢ A specificadaptatiorto particulartypesof constraintdike in CLP(F),(Hickey, 1994),
whichis devotedo functionalconstraints

¢ A capabilityof handlingmultiple solutionslike in ECHIDNA, (SidebottomandHa-
vens,1992) whererealdomainsarerepresentedy intervalhierarchiesllowingcontrol



of theconstrainprocessingrecisiorandprovidingahierarchicalzersionof consistency
algorithms.

Themostsignificanimprovement®f arc-consistenciechniqueén continuougsiomains
aregivenby theworks of Lhomme(Lhomme,1993),Benhamotet al. (Benhamotet al.,
1994)andFaltings(Faltings,1994). The two formerworks sharesomesimilaritieswith
our work, while thelatter tacklesthe issuefrom a differentperspectiveandanalyzeshe
causebehindthe badperformancef traditionalarc-consistencyechniquesn continuous
domains.In (Lhomme,1993),Lhommeproposesninterval propagatiorformalismbased
on boundpropagation A new consistencyconceptweakerthanarc-consistencgndcal-
led 2-B-consistencys introducedhatassumetheconvexityof variables’domains.n the
casewheretheeffective domainsaredisjunctive 2-B-consistencyvill consequentladmit
local inconsistenciewvithin the labels. In Lhommes approachgonstraintsaredecompo-
sedinto primitive (basic)constraintallowinganeasydefinitionof extremafunctions.The
relaxationstepof the 2-B-consistencylgorithm— analogto AC-3 — usegtheseextrema
functionsto refinevariables’domainsuponfixed-pointiterate.In (Benhamotet al., 1994)
is presented logic programminglanguagecalled Newt on extendedo handlesystems
of non-linearequationsandinequalitiesaswell asconstrainechindunconstraineptimi-
zation. Newt on implementsa relaxedversionof arc-consistencgalled box-consistency
usingthe combinationof interval arithmeticwith a binary searchtechnique.The goal of
box-consistencys to determinean outer enclosingapproximationof eachvariables do-
main,astightaspossible Oncetheapproximations determinedNewt on usesabranching
mechanisnfor isolatingsolutions(vanHentenrycket al., 1995).

Both 2-B andbox-consistencgssumehatvariabledomainsareconvexandfocusonop-
timizing thetighteningof thefeasibility spaceouterbounds.Their principaldifferencdies
in thefactthat2-B consistencyequiresintervaltoolsfor computingthe unaryprojections
of constraintswhile box-consistencyorksdirectly ontheoriginal constraintandappro-
ximatesthe projectionausingthe combinatiornof intervalNewtoniteratesandbisection.

In (Faltings,1994),the authorshowsthat someundesirabldeaturesof propagatioral-
gorithmswith intervallabelsmustbe attributedto the inadequacyf the propagatiorrule
andto alack of precisionin the solutionspacedescription.Faltingsdemonstratethat by
usinganetworkof total constraintsalongwith arelaxationrule — basedntheidentifica-
tionandclassificatiorof localextrema— soundandlocally completepropagatiolbecomes
possible Faltings’algorithmhasbeenimplementedor bothbinaryandternaryconstraints
with goodpracticalresults.

In the presencef cyclic constraintnetworks fixed-pointiterationscannotguaranteeon-
vemgence Lhommeaddressetheproblemby introducingthenotionof 2-B(w)-consistency

— apartialform of 2-B-consistency— characterizinghe degreeof consistencybtained
whenthe refinementprocesgerminatesabnormally(looping problems).w characterizes
theimprecisiorofthecomputedoundsand2-B(w)-consistencis equivalento 2-B-consistency
whenw = 0. Using2-B(w)-consistencythe complexityof the consistencyechniquecan
alsobetunedby fixing the precisiondesiredfor theresultingintervalbounds.

Path-consistenaigorithmssuchasPC-1landPC-2havebeerappliedsuccessfullyo some



restrictecclasse®f continuousonstraintgtemporakonstraint§Dechteret al., 1990)and
spatialconstraint§ Tanimoto,1993). In thegeneratasehoweveyandin theabsencef re-
liabletoolsfor combiningnumericakonstraintsit is difficult to reachevenarc-consistency
Thus,only a few authorshaveinvestigatedhe issueof algorithmsfor higherdegreeof
consistencyn continuousiomains.

Oneof thefirst attemptspy Hyvonen(Hyvonen,1992),introducedthe notion of tole-
rance propagation(TP)which generalizesheideaof numericalexactpropagationnto in-
tervalpropagationA localtoleranceropagatioralgorithm,closelyrelatedo theWaltzfil-
teringalgorithm,is proposedhatcanbegeneralizedhto global TPfor determiningglobally
consistensolutions.Theideabehindglobaltolerancepropagatiornis to useglobalsolution
functionsinsteadof local onesduring propagation.Sincethe evaluationof complicated
intervalfunctionsis oftencomputationallyexpensivetheauthorproposes partialglobali-
zationschemavhichdetermineglobalsolutionfunctionsonly with respecto somecritical
variablesandsomesubnet®f theoriginal constrainhet. Lhomme(Lhomme,1993)propo-
sedboundpropagatioralgorithmswhosecomplexitiescanbetunedby fixing the precision
of theresultingintervalbounds.Thesealgorithmscanreachhigherdegree®f consistency
thanarc-consistenciut refineuniquelythe outerboundof the feasibility domains.

Backtrack-free search

A globally consisten{or decomposabldnbelingis a compactand conservativeepre-
sentatiorof all solutionsadmittedby the constraintnetwork. It is sound in the sensehat
thelabelingneveradmitsany valuewhich doesnotleadto a solution. It is conservativein
thesensehatall solutionsarerepresenteh it.

In aglobally consistent network(alsocalleddecomposable or stronglyn-consistentjany
partialconsisteninstantiatiorof asubsebf variablescanbeextendedo a solution with no
backtrackingDechtey 1990),a processvhich cangenerallybe carriedoutin lineartime.
Minimality asdefinedoy MontanariMontanari, 1974)for binarynetworksguaranteethat
eachpair of valuesallowedby the constraintgarticipatesn atleastonesolution. A de-
composablaetworkbeingalwaysminimal while the oppositeis nottrue,sominimality is
aweakermproperty

Extractinga particularsolutionfrom a consistentabelingis aniterationof two stepsin
whichvaluesareassignedo variablessequentiallyIn thefirst step,anunassignedariable
is selectecandassigned valuewithin its label. In the secondstep thelabelsof all rema-
ining unassignewariablesareupdatedothattheycontainonly valuesvhichareconsistent
with thosealreadyassigned.If theinitial labelingis globally consistenand non-empty
everypartialassignmenof variablescanbeextendedo afull solution. Consequentlythe
assignmenprocedurewill neverrequireanybacktracking.

In generala globally consistentabelingmayrequireexplicitly representingonstraints
for all variablesin the problem,a taskwhich hasexponentiatime complexityin theworst
case However undercertainconditiondocal consistencylgorithmsaresuficientto com-
puteaglobally consistensolutionspaceor at leastto boundtheremainingsearcheffort.

For example |t hasbeenshown,(Freuder 1982),for discreteconstraintshatwhenthe
constraininetworkis atree,arc-consistencglsoguaranteeglobalconsistencyThisis an
exampleof how the topology of the constraintnetwork cansimplify the computationof
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Figure 3. The enclosing rectangle of an intersection of regions R; and R isin general different fromthe inter-
section of the enclosing rectanglesof R; and R;.

a globally consistentabeling(Freudey 1978). Similarly, path-consistencis sufficient to
ensurebacktrack-freesearchn networkswhosetopologyis series-parallel.

It hasalsobeenshownthatwhenall constraintsatisfya convexity conditionandarebi-
nary, path-consistenognsureglobalconsistencyrrespectivef thetopologyof thenetwork
(vanBeek,1992),(Dechteret al., 1990). In this paperwe usesimilar convexityconditions
ontheconstraintsvhich allow efficient algorithmsindependentlpf the networktopology
Thesewill allow tractablycomputingdecomposabli&abelingsof continuousCSPs.

Related fields

Interval arithmeticmethodscompile compactenclosingapproximation®f the solution
space.Theyareconsequenthalsoappealingvhenit is neededo reasoron a spectrunof
feasiblealternativegatherthanon isolatedsolutions.In intervalarithmetic,realnumbers
areapproximatedby intervalsandarithmeticexpressionarecomputedy applyingtheope-
ratorsof the formulato the endpointsof the intervalsof its aguments.Systemf linear
andnon-linearintervalequationsanbe solvedusingtheinterval counterpartsf iterative
algebraior numericatechniquesFromtheefficiencyandrobustnesstandpointsinterval
arithmeticpresentsoughlythe sameadvantageandshortcomingsastheiterativetechni-
guesit derivesfrom. While consistencyechniquesrebasedntheconstructiorof partial
solutions, interval arithmetichandleshe entiresetof constraintsasanindivisible whole.
It is consequentlyessscalableo large problems.Moreover bothlinearandnon-linearin-
tervalmethodsequirepreconditioningstepsor mayimposerigid applicabilityconditions
(regularmatricesglobally dominantlacobiangtc...). In practice consistencyechniques
andintervalarithmeticareoftenusedtogethenOlderandVellino, 1993),(Benhamowand
Older, 1994),(LeeandEmden,1993),(Hickey, 1994).



3. Constraint and L abel Representation

In continuousdomainsconstraintgenerallyariseasalgebraicor transcendentaqualities
andinequalitiesnvolving severalvariables.Simplepropagatioralgorithms suchasthelo-

cal propagatioralgorithminvestigatedy Davis(Davis,1987),procesonstraintglirectly
in thisform. This hasseveraimportantdisadvantages:

whenthereareseveratonstraintsnvolvingthesamevariablesgachsrepresentetly a
separateelation. This createsinnecessargyclesin thenetworkwhich complicatethe
propagatiorprocess.Thus,applyingthe Waltz algorithmin generaldoesnot evenre-
sultin anarc-consisteniabeling (see(Davis,1987)). Notethatif only arc-consistency
is required,thereexistsa betterpropagatiorrule which is guaranteedo find it (see
(Faltings,1994)). It is basedon propagatingall constraintdbetweenthe sameset of
variablessimultaneoushandthusavoidsthe artificial loopsintroducedby simpleral-
gorithms.

local propagatiorof continuousonstraintgnayneverterminatgsegDavis,1987)and
(Faltings,1994)). Thisis unavoidablesinceconstrainpropagatiorcanbe (ab-)usedo
solvesystem®f nonlinearquationdy fixed pointiteration. Howeverterminationcan
be guaranteedy imposinga maximumprecisionbeyondwhich no furtherrefinement
takesplace.

it isverydifficult to givelabelinggor intersecte@rcomposeaonstraintsForexample,
theintersectiorof thesolutionsallowedby theconstraints (z, y) > 0 andg(z, y) > 0,
wheref andg aresomealgebraioor transcendentdlinctionsof x andy, canin general
notbespecifiedn asimilarform. Suchintersectiongandcompositionsarerequiredfor
computinghigherorderconsistentabelings.

Oneway of overcomingthesedifficultiesis to approximatesolutionspacesy enclosing
rectangle®r boxes.Althoughthis representatiors oftenusefulto narrowdownthespace
of solutiongto beconsideredit usuallygeneratesolutionspacesvhicharemuchtoolarge.
Thisis illustratedby Figure3.

In orderto obtainamorepowerfulrepresentatiofor generakolutionspacesvhichavoids

the problemscited above we makethefollowing two assumptions:

eachvariabledomainis restrictedo aboundednterval. Thisassumptiotis reasonable
in mostpracticalproblems.

for eachvariable thereis amaximumprecisiorwith whichresultscanbeused.Thisas-
sumptionis alsoveryreasonablegflectinglimitationsin manufacturingmeasurement
or controlprecision.

Providedthatthesetwo assumption$iold, a solutionregionR,., . ., canbeapproxima-

tedby a hierarchicalecompositiomf its solutionspacento 2*-trees.Forbinaryrelations,
theseare calledquadtreesfor ternaryones,octrees.Figure4 showsan exampleof a qu-
adtreerepresenting binaryrelation. Eachnoderepresentsa k-dimensionakub-regiorof
theoriginaldomain(i.e. thedomainoverwhich the decompositiors carriedout). A node
hasoneof threepossibletypes:
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Figure4. Abinaryrelation R, can beapproximated by a hierarchical binary decomposition of itssol ution space
into a quadtree.

¢ white: if all pointswithin theregionareconsistent
¢ grey: if somepointswithin theregionareconsistenandsomeareinconsistent
¢ black: if all pointswithin theregionareinconsistent

Eachgreyk-dimensionatubeis decomposeihto 2* smalleroneswhosesidesareone
half the length of the original cube,andwhich form the childrenof the grey nodein the
hierarchy Whenanodeis blackor white, therecursivedivision stops.Unlessthebounda-
riesof aregionareparallelto thecoordinatesxes,nfinitely manylevelsof representation
wouldberequiredo represenaregionprecisely However whenthereis afixedminimum
resolution,any greynodewith a smallersizethanthis resolutionneednot be decomposed
any further. Thisloosessomesolutions,but aslong asthereare more solutionsthanthe
resolutionlimit it is guaranteethatsomesolutionsremain.

In the caseof equality constraintsa strictapplicationof the binarydecompositiorinto a
2% -treewould leaveonly grey nodesat the resolutionlimit which would thenbe declared
black. Consequentlytherewould be no legal valuesin this representationWe therefore
introducethenotionof toleranced equalitieswherea strictequalityconstrainis translated
intoaweakerformwherethefinal greynodesareall replacedy white ratherthanblackno-
des.Thisamountgo replacingeachequalityby two inequalitiescloseto eachother Since
this might introducespurioussolutionsaroundthe fringesof the solutionspacefor each
equalityit mustbe carefully checkedwhetherthe effectsof this tolerancingwill be acce-
ptableor not.

N-ary constraints (N>2)

In manyrealisticproblemstheconstraintsrenotbinary, butn-ary, 2* treesarecomple-
tely generalandcanrepresentonstraintof anyarity. However the complexityincreases
significantlywhenconstraintof high arity arepresent.In the worst case the spacerequ-
irementsgrow exponentiallysincen-ary constraint@arerepresentely 2" -trees.
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Figure5. Atotal constraint between a pair of variablesis constructed by superimposing the quadtree represen-
tations of all individual constraints among these variables.

In generalit is not possibleto find binary constraintsvhich are equivalento an n-ary
one. However it is possibleto syntacticallytransforman arbitraryn-ary constraintnto a
setof ternary equalitiesandinequalities.For examplethe 5-ary CSPwith oneconstraint,
(x—y)?+ ﬁzq—ftl > 2, canbetranslatednto aternaryonewith threeconstraints:w? +
(wa/u) > 2, w1 = z—y, wy = z+1t. Thus,aslongasrepresentingheresultingequalities
by tolerancedqualitiess acceptabldt is sufficientto solvesystem®f ternaryconstraints.

In this paperaswell asin thesystemweimplementedisingthealgorithmswe only treat
thecaseof binaryandternaryconstraintstepresentetly quad-andoctrees.
2*-tree construction

Whenthereareseverakonstraintcurvesbetweerthe samesetof variablesthe 2*-tree
representinghe total constraintbetweerthemis constructedy first constructing?® trees
for eachconstrainturvein isolation,andthemintersectingheresultingtreesinto asingle
one.Thisis possiblesincetheinitial intervalfor thevariabless fixedin thesamemannerfor
eachconstraintthusthe decompositioroccursatidenticalintervalsandcanbe combined
by logical operationsGivenanorderingwhite < grey < black, therule for determining
thefeasibility of a nodeobtainedby intersectioris expresseas:

color(nodey @ nodes) = Max(color(nodey ), color(nodes)) Q)

Constructingthe 2*-treerepresentationf a single constraintsonly requiresevaluating
constrainiequationst certainpointsin the space For determininghetype of a subregion
(k-dimensionatube)createdn thedecompositionthreecasesaveto be distinguished:

i. if theconstrainturvetraversestheregion,i.e. notall cornerdall onthesameside,the
regionis grey.

ii. if theconstrainturveis contained in theregion,apre-processinghasenustbecarried
outin orderto split the curveinto transversesegments.Theole of the preprocessing
phaséds to checkwhethera solutionexistswithin the initial approximation.This task
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canbeachievedor examplepy carryingoutabinarysearcHor determiningadivision
which intersectghe constraintcurve. The complexity of sucha numericalsearchis
reducedn practiceby thefactthatinitial domainsarethe mostoftensetto reasonable
valuesandthatalimited degreeof precisionis required.

iii. if theconstrainturvepasse®utside of theregion,theregionis eitherwhite or black
dependingonwhichsideit falls, which canbetestedon anyof its corners.

For moredetailsabout2*-tree constructionwe refer the readerto (HaroudandFaltings,
1994)and(Sam-Haroud]1995).
Correctness of the representation

The 2*-tree representationf constraintprovidestwo possibleapproximationsf the
actualsolutionspaces:

e theinnercontentapproximationZ(sS), is givenby thewhite nodeginteriornodesjnd
is entirely enclosedwithin the solutionspace. Sinceall valueswithin Z(S) arecon-
sistentjt is asound approximation However somesolutionsmaybemissingfrom this
representation.

¢ theclosesibutercontentapproximation((sS), is givenby the unionof thewhite and
grey nodes(interior nodesU boundarynodes). This approximationis guaranteedo
containall solution,butit maybe not sound sincethegreynodescontaininconsistent
values.

With regardto equalities,remembethatthis methodonly allowstolerancednequalities
andsoundneswiill only hold with respecto thesetolerances.

For the initial 2*-treerepresentationsf individual constraintsye canalwaysguaran-
teethatZ(S) andO(S) areascloseaspossibleto the actualsolutionregion. However
constructingotal constraint@ndenforcingconsistencynvolvescompositionandinterse-
ctionoperationn constraints.

Letting S; & S5 denotethe solutionspaceresultingfrom theintersectiorof S; andsSs.
We thenhavethefollowing Lemma(see(Sam-Haroud1995)):

LEMMA 1 Theinner content approximation is exact with respect to intersection:
I(S1)DI(S:) =Z(S1 @ Sa)
The outer content approximation may contain spurious nodes after intersection:

O(S1 @ S2) COS) ®O(S2)

Proof. By definition,all pointsin awhite nodeareconsistentA nodeis thereforewhite
intheZ(S) or O(S) representationf B, @ R if andonlyif it is alsowhitein theZ(S) and
O(S) representationsf R; and R,. However dueto imprecisionconsiderationsa node
computeddy intersectiorcanbe greyevenif it containsno solution:
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Figure 6. 3-dimensional nodes are computed by composing their facets (2-dimensional nodes), and vice versa,
2-dimensional nodes can be obtained by projecting the related 3-dimensional nodes over one of their facets

grey inR,; grey inR,, blackifR; @ R,

o.
For compositionjt is possibleto showthatthe projectionof a constraintinto a higher
dimensionabkpaceis exactfor bothinnerandouterapproximationsThus,we havethat:

o theZ(S) representationf total constraintds exact,evenafter executingconsistency
algorithms.This meanghatit is bothsound(not containingany spuriousinconsistent
values)aswell asmaximalin the senseahatthereis no largersoundZ(S) approxima-
tion.

¢ theO(S) representationomputedy logical combinatiorof simultaneousonstraints
is completebut not soundwith respecto the minimal enclosingapproximationO(S)
— spuriougyrey nodescanbe createdoy intersections.

4. Consistency algorithmsusing 2*-trees

The2*-treeconstraintepresentatioallowsapplyingconsistencylgorithmssuchasAC- 3
(Davis,1987)for arc-consistengyC- 1 (Montanari,1974)andPC- 2 (Mackworth,1977)
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for path-consistencgswell astheir generalizationfor higherdegree®f consistencyAl-
gorithmsfor computingak-consistentabeling((Freuder1978),(Mackworth,1977),(Mon-
tanari,1974))computelabelsfor eachsubsebf k-1 variables.Eachlabelis computedso
thatit admitsonly valuecombination®f thek — 1 variableswvhich areconsistenwith ale-
astonevaluein thelabelof ak’” variable for anyk** variable.In thealgorithmof Freuder
(Freudey1978),thelabelfor the setof variablesry, z-, ..., zx_1 is computedastheinter-
section(d) of anyexistingconstrainbetweenz, x4, ..., z;_1 andall induced constraints
involving thesevariablesandoneadditionalk-th variable. An inducedconstrainis given
by the composition (@) of a pair of (k-1)-arylabels,eachof which involvesall but oneof
thek-1variablese,, .., 11, andoneadditionalvariablez;,. Compositiorinvolvesexten-
dingthe(k-1)-aryconstraint$nto thek-dimensionaspacespannedby z1, .., z;_1 together
with z,, intersectingheresultingvolumes andprojecting theintersectiorinto thesubspace
z1,.., xp—1. Figureb illustratesthis procesgor k=3.

Usingthe2*-treerepresentatiorall threeoperatorsanbeimplementedisingpurelylo-
gical operations.Giventhe orderingwhite < grey < black, rulesfor determiningthe
feasibility of anodeobtainedby oneof theseoperatorsanbe expresseasfollows:

i. color(node; ® nodey) = Maz(color(nodey ), color(nodesy))
ii. color(node; ® nodes) = Max(color(nodey ), color(nodes))

iii. color(]](node)) = Min(color(node;))
wherenode; areall nodeshaving][(rode) asfacet.

Compositioncanbeimplementedy first extendinghe (k-1)-dimensionatonstraintsnto
k-dimensionakpaceandthenprojectingbacktheresultinto the (k-1)-dimensionasubspa-
ces,asshownin Figure6. For example the relaxationoperationrequiredby the arc con-
sistencyalgorithmAC- 3 canbeimplementedasfollows:

T =Tio [[(T © Ty) (2)
andtheonefor the pathconsistencylgorithmPC- 2:

T =Ty @ [[(Tik © Tir ® Tij) ©

ij

whereT},, denoteshe2*-treerepresentationf aconstrainbetweervariablesr andy, and
@ and® denotegespectivelyintersectionrandcompositionof 2*-trees. We showin (Ha-
roud and Faltings,1994)that PC-2 computesa path-consistentetworkrepresentatioof
binaryCCSPsn O(n*w?logs(w)) wherew is thenumberof feasibilitynodesn thelargest
treeandn is thenumberof variables We alsoproposén (Sam-Haroud]995)a variantof
Coopetsk-consistencylgorithm(Cooper 1989),adaptedo the 2 -treerepresentatioof
constraints.

It may appeathatthe 2*-treerepresentatioonly allows a roughapproximatiorof the
constraints.However all known propagatioralgorithmsfor generalconstraintsnvolve
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numericalanalysistechniquesvith afinite precision.For example the Waltz filtering al-
gorithmfor achieving2-consistencyarc-consistency)yhoseperformancédor continuous
domaings analyzedy Davis(Davis,1987),involvesfixed-pointiterationswhoseconver
genceis notoriouslybad. In theexampleof arc-consistengysingthe 2*-treedecomposi-
tion amountdo replacingit by binarysearcha muchmoreefficienttechniqueln general,
the2*-treerepresentatiois anefficientandstablealternativeto analyticrepresentationsf
regionboundaries.

Complexity

Table 1. Thenumber of nodes effectively computed while constructing a 2% -treeis generally smal-
ler by far than the worst case estimate.

Constraint k|d Real Expected
# of nodes| # of nodes
Va2 4 y? <50 2|6 688 5461
12y
o < 10 2|6 340 5461
y = x? 2|7 685 21845
cos(¢a — ¢1) >0 2|7 1492 21845
r=rcos¢ 3|5 4740 37449
y > 0.086x — 5.51e 522+ 8.36e= %2 | 2| 5 115 1365
2= —y—9.63¢7%(0.041z)" %! 3|5| 417 37449
x < (y+2)/3 3|5| 2857 37449
x> 2/5(y+ 2) 3|5 2787 37449
z < sin (g2 — ¢1) 3|4 988 4681
z < % 3|4 1107 4681
r<y+z 3|4 1072 4681

The complexity of the 2% -treebasedconsistencyalgorithmsdependson the numberof
nodesof the hierarchicadecompositionsln theworstcasethe 2*-treeresultingfrom the
constructiomproceduras completej.e. all leaf nodeshavemaximalresolution.Letting d
bethe maximumdepthof recursivedivisions,the numberof nodesn a2*-treeis givenby
thefollowing formula:

d -Zk(d-l-l) -1

ok(d—1) __
Y 2 = S (4)

i=0

Hence the numberof nodesin a 2*-treeis roughlyin O(2¥*?) in theworstcasewherek

is the arity of treeandd the maximumgranularity For practicalcasesd is givenby the
terms/e wheres is themaximumdomainsize (thelargestintervalsizein 1, for a CCSP
(V,C, D)) ande thetightestinterval sizeacceptedor variablesof V. In mostcasesthe
measurementivenabovestronglyoverestimatéhecomplexity A morerealisticmeasure
shouldbe donein termsof the numberof grey nodesgeneratedsincethe recursivequar

tering stopsassoonasanodecoloris setto white or black. More preciselywe canshow
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thatthenumberof grey nodesgeneratedavhile decomposingregionis in O(b*~1) (Tani-
moto,1993)whereb measurethe boundarysizeof therepresented-dimensionategion.
Whenthe boundarydelimitssufiiciently wide regions(>> ¢*), the numberof greynodes
generateds lessthan % by far. Tablel illustratesthis pointon a sampleof binary
andternaryconstraintglerivedfrom practicalproblems.

Notefinally thatTanimoto(Tanimoto,1993)hasshowrtheinteresof 2* -treedor handling
aparticulartypeof continuousconstraintgspatialconstraints). Tanimotoswork andours,
thoughcarriedout independentlyith differentobjectives)eadto relatedmethodologies.
This canbe seenasfavorablyillustratingthe relevanceof discretizecdhierarchicaldecom-
positionfor designingreliablecontinuousconsistencyechniques.

Advantages of 2*-trees

In comparisorwith with otherwaysof representingontinuousonstraints2® -treeshave

severabdvantagewhich arecrucialfor consistencylgorithms:

1. Discretization preventsinfinitelooping: At eachrelaxatiorstepperformeddy consistency
algorithmson 2¥ -treestheintervalscontainedn theinvolvedlabelsareconstructedby
animplicit binary search:eachsuccessiveelaxationsteprefinesthe intervalbounds
to aninterval half the sizeof the previousone until maximumgranularityis reached.
Consequentlythe decompositiorinto 2*-treeshasthe importantadvantagef ruling
out infinite cycling of the propagatioralgorithmasobservedor the Waltz algorithm
appliedto continuousiomains.While the majority of consistencylgorithmsperform
unstablefixed point iterations the binary searchmethodusingthe 2*-treedecompo-
sition guaranteestability andconvegence.The methodgresentedreconsequently
robustevenfor cyclic networks explicit cyclesbeingeliminatedby thecomputatiorof
total constraints.

2. Numerical tools are required only for evaluating individual equations: the numerical
handlingof simultaneousetof constraintss replacedy logical operator®n 2* -trees.
The only numericaltools neededarethoseusedfor determiningthe colorsof nodes
duringthe 2*-treesconstruction.

3. Distinguishing multiple k-consistent solutions does not increase the complexity of 2%-
treebasedconsistencyechniques:This is not the caseusingstandardnterval-based
propagatiortechniguesvhereeachintervalsplitgenerateanewsub-CSRobechecked
for consistencygeparately

4. The precision of results can beimproved deterministically: resultsarerefinedby incre-
asingtheresolutionparameteof the 2 -treedecompositiorandthe accuracydoesnot
dependiponconvegenceguaranteessit is oftenthecasevhenusingstandarasiumerical-
basedechniques.

Thesefeaturegrovidea basisfor designingk-consistencyalgorithmswhich arereliable
in termsof stability andconvegencea questionmaiginally addresseéh the literatureso
far.

The 2*-treedecompositiorof a continuousrelationimposesa uniform precisionon all
thevariablesit involves. Usingthis representatioit is thereforesometimesecessaryo
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pursuethe decompositioprocesver certainaxesof arelationmorefinely thanit is the-
oretically necessarylt would be interestingto studywhetheralternativestructuregsuch
ask?-trees),enablinga distinct precisionfor eachindividual variable,lend themselveso
an easyimplementatiorof the logical constraintcombinationoperatorsrequiredby con-
sistencytechniques.

Notefinally thatthe way in which 2*-treerepresentatiogroupslarge groupsof similar
nodesinto singlesonesis similar to the cross-productepresentationf discreteconstra-
ints proposedy HubbeandFreuder(HubbeandFreuder1992). Both representationare
interestingoecausef their ability to focuson aggregatedubset®f dataratherthanonin-
dividualelements.

5. Reaching global consistency using convexity

Theconstraintrepresentatioandconsistencylgorithmswe havedescribedofar in prin-
ciple allow computinglabelingsof any degreeof consistencybutin the worstcasewould
still requireexponentiatime to do so. In this secondpartof the papeywe identify proper
tiesof constraintsvhich guarante¢hatglobalconsistencys equivalento somedegreeof
localconsistencythusallowingefficientalgorithms.Wefirst recallsomeresultsdeveloped
for convexdiscreteandtemporalconstraint@andshowtheirvalidity for binaryconvexcon-
tinuousCSPs.Section5.2showsthata certainpartial convexityfeature axis-convexityis
sufficientfor efficient computatiorof globalconsistencyFinally, in Sectionss.3and 5.4,
we showthat,contraryto the caseof discreteconstraintstheseresultsaretractablygenera-
lizableto n-aryconstraintgn > 2) in continuousdomains.A newconceptf consistency
called(r, » — 1)-relationalconsistencys introducedthatleadsto polynomialtime algo-
rithmsfor computingglobally consistentabelingsfor n-ary CCSPs.

5.1. Exploiting convexity for binary constraints

Forbinary constrainnetworksjt hasbeenobservedy Dechter Meiri & Pearl(Dechteret
al., 1990)andvanBeek(vanBeek,1992)thatwhenconstraintsreconvex, apath-consistent
labellingis alsoglobally consistent.This resultfollows from Helly’s theorem(illustrated
in Figure7):

THEOREM 1 (HELLY) LetF beafinitefamily of atleast n + 1 convex setsin R™ such that
everyn + 1 setsin F have a point in common. Then all the sets have a point in common.

Helly’stheorencanbeappliedto showthatfor anyconsistenassignmentf n variables
r1, 3, ..., Tn, thereexistsa consistenvaluewhich canbe assignedo =, .1. A partialas-
signment:y = v, ..., &, = v, restrictse, 41 throughthern constraints (1, £n41), ..., ¢(Tn, Tnt1)-
Sincetheyareconvexeachof theseconstraintsill restrictz, 1 to asingleinterval. Now
considematriple (z;, z;, x,41),1%, j € 1..n. Pathconsistencyneanghatz;, z; canonly be
assignedialuessuchthatthereis atleastonevalueof z,, 1 consistenwith both. Thisme-
ansthateverypair of intervalsrestrictingz,, +1 intersect.Thus,by Helly’'stheoremthere
mustexistacommonintersectiorof all theintervals,.e. atleastonevaluefor z,, .1 which
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Figure7. Helly'stheoremin one dimension: if eachinterval is convex and if each pair of intervals has a non-null
intersection, then the whole set of intervals has a non-null common intersection (shaded interval)

is consistentvith all previousassignmentgndconsequentltheassignmentanbeexten-
ded.We thushavethetheorem:

THEOREM 2 A binary constraint network which is convex and path-consistent is minimal
and decomposable.

Theconvexitypropertyis conservativevith respecto compositionjntersectiorandpro-
jectionof constraintsHence,if a CCSPis convexits path-consistertounterpartemains
so. Thefollowing a priori resultcanthereforebe statedfor convexCCSPs:

COROLLARY 1 Path-consistency computesthe minimal and decomposabl e network repre-
sentation of any convex binary CCSP.

Becauseof the difficulties of representingontinuousconstraintsfor higherordercon-
sistencyalgorithmstheconvexitypropertyhassofar only beenappliedto temporakeaso-
ning, whereconstraintsareunit difference constraints of theform z; — z; < ¢. Thisclass
of constraintss closedunderintersectiorandcomposition sothatpath-consistencglgo-
rithms canbeimplementedirectly on this representationThe representatiotechniques
basedn 2¥-treeswe gaveearlierallow implementingpath-consistencglgorithmsfor con-
tinuousconstraintof arbitraryform. Anotherproblemis thatit may be difficult to check
thatconstraintsarein fact convex. (Sam-Haroud1995)showsa simplealgorithmfor re-
liably checkingconvexityof regionsrepresentetly 2*-trees.

5.2. Partially convex binary CCSPs

Constraintonvexityis aratherstrongcondition,butit turnsout thatweakerformsof con-
vexity are often sufficient to satisfy the conditionsof a globally consistentiabeling. In
fact, convexityhasto hold only in thedirectionfrom z;, i € 1..n to z,41. Calling this
one-directionatonvexityrow-convexity, Van Beekhasshownthefollowing Theoremfor
discretedomaing(vanBeek,1992):
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Figure 8. Path-consistency is not always sufficient for determining inconsistenciesin simply connected solution
spaces

THEOREM 3 (VAN BEEK) Let R be a path-consistent binary constraint network. If there
exists an ordering of the domains D; ... D, of R such that the relations are row convex,
the network is minimal and globally consistent.

whererow-convexitymightrequirereorderingof the valueswithin thedomainsof each
variable.

Sincetheprojectionof anyconnecteaonstraintegionontoanaxisyieldsasingleconvex
interval,onemightthink thatsimpleconnectedness the consistentegionadmittedby a
constraintvould be sufiicientfor row-convexity However theexampleof Figure8 shows
anexamplewherethis is not true: it is path-consistentll constraintsare connectedbut
the problemhasno solution. Choosingzs = vy, 22 = vs, 3 = wvg restrictsz, to the
intersectiorof thethreeintervalsshownin Figure8. However theseintervalsdo nothave
asingleintersectionsincethe onein the centeris not convexandthusdoesnot satisfythe
conditionsof Helly’stheorem.

Thecorrectdefinitionof row-convexityfor thecontinuousasewhichwe call x-convexity
hasto ensureconvexityof anysubprojectiorof a constraint:

Definition. axis-convexity

Let R beabinaryrelationdefinedby a setof algebraicor transcendentaionstraintson
variablesey, 2o, ..., ;. Ris saidto beaxis-convexwith respecto z;, or (z)-convexif, for
anytwo pointsg; andg- in R suchthatthesegmenty gz is parallelto z, g1qz is entirely
containedn theregiondelimitedby R.

Notethataxis-convexityis lessrestrictivethanconvexity: convexityallowsq; andg, to
be choserwith no restrictionwhile axis-convexityrequireschoosing; andgs, within the
setof pointsbelongingto linesparallelto the z axis. A convexregionis necessarilyaxis-
convexbuttheconversas nottrue. A networkis saidto beaxis-convexf all of itsrelations
areaxis-convex.
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Figure 9. Figure -A- shows the polygonal solution space of a linear problemwhich is both (z)- and (7)-convex
but not convex: it is monotone with respect to: and ; since its boundaries can be decomposed into two monotone
chains ¢y and C'; (-b-), monotone with respect toii, or C; and C', (-c-), monotone with respect to ;.

LEMMA 2 Let R bearelation defined by a set of algebraic or transcendental constraints.
Ris(z)-convexif and onlyif any subprojection of R over thez, axisyieldsasingle convex
interval.

Proof: Apply Definition with ¢; andq- beingtheintersectiorpointsof the constrainto-
undarieswith the planeidentifying the subprojection.

Monotone and functional relations are axis-convex

The(z)-convexitypropertysharesmportantsimilaritieswith thenotionof monotonicity
asdefinedn Euclideargeometry For polygonalobjectswe havethefollowing definitions.
A chainis definedasa setof verticesconnectedvith segment®f lines. It is saidto be
monotonewith respecto astraightline | if aline orthogonato| intersect< in exactlyone
point. A simplepolygonis saidto be monotonéf its boundariexanbe decomposeihto
two chainsmonotonewith respecto the sameline. Thesedefinitionscanbe extendedo
generakurvesasfollows: acurveC of 2 will be saidto be monotonewith respecto a
straightline |, if aline orthogonato | intersectsC in exactlyonepoint, andaregionr of
#? will besaidmonotonsf its boundariesanbe decomposeihto two curvesmonotone
with respecto the samdine. This generalizedlefinitionof monotonicityis equivalento
axis-convexity A linearproblemfor whichthe solutionspaces amonotongpolygonwith
respecto X is consequentlpxis-convexvith respecto anyaxisorthogonato x. Notethat
evenif axis-convexityholdsfor bothaxesi,it is still weakerthanconvexity(seeFigure9).
Notethattestingfor the monotonicityof a polygonwith respecto a line canbe donein
O(N) time,whereN is thenumberof edges.

As anotherexamplethesolutionspaceslefinedby functionsalsosatisfyaxis-convexity
properties:the curvedefinedby afunctionz; = f(z»), functionalin x5, is by definition
monotonewith respecto z» and(z1)-convex.

Directional axis-convexity
In the casewherea discretenetwork doesnot satisfy the row-convexityproperty van
Beek(vanBeek,1992)showghatdirectional row-convexityis alreadysuficientfor backtrack-

freesolutions.In directionakow-convexity arelationmustberow-convexonly with respect
to notyetinstantiatediariables.
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Similar resultsgeneralizeo the caseof axis-convexrelations. The following theorem
stateghatdirectionalaxis-convexityof the networkis sufficientto ensurethata solution
canbe determinedvithout backtracking.

THEOREM 4 Let N be a path-consistent binary constraint network. If there exists an or-
dering of the variables zy, . . . z,, such that each relationof N R, .., 1 < j <4, is(x;)-
convex, then a consistent instantiation can be found without backtracking.

Proof: We denoteas[]’ , Ri; theprojectionof theslice of relation R;; atz; = v; over
the z; axis. The backtrack- -freénstantiationalgorithmproposedyy van Beek (algorithm
instantiate in (vanBeek,1992))generalizegsfollows:

1. Chooseavaluewv; of z; thatsatisfiesR1
2. Fori «2tondo
3. v; + chooseavaluein ();_; ;4 IT. , Rij)

where() denotesntervalintersection.Sinceall relationsare axis-convexwith respecto

all non-instantiatedariablestheconstraintheyimposeon anyvariableto beinstantiated
in step3 aresingleintervals.By path-consistencyll pairsof theseintervalsinterseciand
soHelly’stheoremguaranteeatleastonenon-emptyintervalwithin which thenewvalue
canbechosenThis providesa constructiveproof of thetheorem.

Directional row-convexityimposesorderingconditionson both variablesand variable
domains.SincediscreteCSPglo nothavethestrictly ordereddomainscharacterizingon-
tinuousCSPs the fact that a constraintnetworkis row-convexcansometimese hidden.
Thisis obviouslynot the casefor continuousCSPsconcerningaxis-convexity

5.3. Convex ternary CCSPs

As shownearlier N-ary CCSPscanbe translatednto ternaryoneswithout lossof infor-
mation,sowe will only treatthe caseof ternaryconstraintdere. Thegeneralizatiorof the
resultson axis-convexityto the caseof ternarynetworksseemsstraightforwarda priori.
Similarly to the caseof binary constraintsa relation R betweervariableszq, x5 andzs
is called (z)-convexif, for anytwo pointsq; andg, in R suchthatthe segmentyqs is
parallelto the z-axis,71q3 is entirelycontainedn R.

In the caseof ternaryconstraintsHelly’stheoremcanbe usedto provethe decomposa-
bility of the constraintnetworkonly if eachpair of ternaryrelationshavea non-null (x)-
intersection.Indeed,building a proof analogougo the one usedfor demonstratingrhe-
orem2, requiresproving strongk-consistencyf the networkfor eachk. Giventhatthe
networkis strongly(k-1)-consistentthe following assertiormustthereforebe satisfied:

(V(iaj)E{la"'k_l})aR(XkaXian) )

Verifying assertion§) amountdo showingthattheintervalonz;, X} = [, R(zx, Xiy, X)),
intersectsheintervalonzy, X7 = [],, R(zx, Xi,, Xj,), foranycombinatiorof i, is, ji,
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Figure 10. Helly'stheoremin ®2: if a finite set of binary convex regionsis such that each triplet of regionshas a
non-null intersection, then the whole set of regions has a non-null common intersection (shaded area)

andjs in {1...%k — 1}. Eachsubsebf five variables(z;, , z;,, ¢;,, ;,, x1) hastherefore
to beconsistentThisrequirementorrespondso thedefinitionof 5-consistencyHence a
possiblegeneralizatiorof Theoren? is asfollows:

THEOREM 5 Aternary constraint network which is axis-convex and strongly 5-consi stent
isminimal and decomposable.

Sinceall relationsin a convexnetwork are also axis-convexa similar resulthold for
convexproblems. Unfortunately evenif theoreticallycorrect,this resulthasno signifi-
cantpracticalimpact. In analogyto the caseof discreterow convexproblemsgenforcing
5-consistencynay createadditionalconstraintsof arity four. This would meanthat the
constrainhetworkis nolongerternaryandwouldrequireevenhigherdegreesf consistency
To overcomehislimitationfor discreteCSPsyanBeekandDechter(vanBeekandDechtey
1995)haveintroducedthe notionof relationalpath-consistencfor discreteproblems.

A relationallypath-consistentetwork (of arbitraryarity) is characterizedby the condi-
tion thateverypair of relationshavingat leastonevariablein commonis nonempty By
definition,relationalpath-consistencguaranteefor eachsetof relationshavingavariable
z in commonthatthe pairwiseintersection®f their unaryprojectionsoverthe z axisis
non-empty Helly’s theorembecomesherebyapplicable which resultsin the following
theorem:

THEOREM 6 (VANBEEK & DECHTER) Let R beanetwork of relationsthatisrelationally
path-consistent. If there exists an ordering of the domains D, ... D,, of R such that the
relations are row convex, the network is globally consistent.

The problemwith this approachs thatenforcingrelationalpath-consistencynay pose
complexityproblems.In thecaseof ternarynetworksfor examplecomposingpairs of ter-
naryrelationgwith avariablein commonyesultsn arelationof arity five. Relationapath-
consistencyaimsat ensuringextensibilitypropertiesof an arbitrarysubsebf variablesto
athird single variable(unaryprojection).Sincearity five is inevitablefor ternaryconstra-
ints, it becomesecessaryo guaranteehata setof four variablesis extensibleto a fifth
one,sothattherelationbetweenthefive variablesissuedfrom extended-composition3
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Procedure 3-2-rel-con(V, C D)
r epeat
changed « fal se
for each pair (u,v), u,v € V do
for each ternary tuple (i,j,k), i,j,k € V do
begi n
¢ (i,j,k) «c(i,j,k) & H(i,j,k) c(i,uv) @ c(j,u,v) ®
c(k,u,v)
if c'(i,j,k) #c(i,j,k) then
begi n
c(i,j,k) « c (i,j,k)
changed « true
end
end
until changed = fal se

Figure 11. Algorithmfor computing a (3-2)-relationally consistent labeling.

notempty Thismeanghatrelationalpath-consistenanustalsobeensuredor relationsof
arity four —andrecurrentlyfor relationsof arbitraryarity. This canresultin anintractable
complexityin themostgenerakase.

We showin (Sam-Haroud]995)thatatractablealternativegeneralizatiortanbe propo-
sedin continuousdomains.This generalizatioris basedn the observatiorthatthe exten-
sibility of aternarysetof variablego abinary region(ratherthanto anunary onelike pro-
posedn vanBeekandDechterapproachfloesnotinvolve relationswith arity greateithan
3 andthusremoveghecausesor thiscombinatoriakxplosion.Thisapproactimpliesthat
Helly’stheoremmustbeappliedin two dimensiongatherthanone(seeFigure 10).

Forthe caseof ternarynetworks we introducethe notion of (3,2)-relationatonsistency
whichguaranteethateachtriplet of relations, havingtwo variablesin common, hasanon-
null intersection.

Definition. LetN beaternarynetworkof relationsoverasetof variablesX. Let Ry, (21, u, v),
Ry, (z9,u,v) andRy,(z3, u, v) bethreerelationsof N which sharetwo variablesu andv,
whereu mightbeidenticaltov. Ry, , Ry, andR;, are(3,2)-relationallyconsistentelative
to {u, v} if andonly if anyconsistentnstantiationof the 3 variablesin z, 21, z3 hasan
extensiorto {u, v} thatsatisfiesk;,, Ry, and R, simultaneously

Since(3,2)-relationatonsistencynly imposesonstraintbetweeratmostthreevariables,

a (3,2)-relationallyconsistentabellingsstill containsonly ternarylabelsandthusdoesnot
addto thearity of aternaryconstrainhetwork. Providedhateachbinaryprojectionis con-
vex, (3,2)-relationakonsistencynableghe applicationof Helly’s theoremin two dimen-
sions.However Helly’stheoremonly guaranteef theseconditionsthateachpair of va-
riables(binaryprojectionshasanon-emptydomain.Weprovein (Sam-Haroud] 995)that
thisis sufficientto alsoguarante¢hatthe constraintsnvolving individual variableswill be
non-empty
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(3-2)-relationatonsistencganbecomputedy thesimplealgorithmshownin Figurell.
It takesasinputacontinuousCSRP = (V, C, D), whereV is thesetof variablesC the
setof constraintsand D is the setof variabledomains.c denoteghelabelof arelationin
C, andthealgorithmterminateswith a (3-2)-relationakonsistensetof labels.

UsingHelly’stheorenin two dimensionsin (Sam-Haroud] 995)we provethefollowing
result:

THEOREM 7 For any convex ternary network P, (3,2)-relational-consistency will either:
o decide that the network is inconsistent by generating an empty label, or
e compute an equivalent globally consistent labelling of P

intime O(n®) where n is the number of variables of P.

Sketch of proof.

Wefirst provethatwhenappliedto aternarynetwork®P, thealgorithmfor (3,2)-relational-
consistencyesultsin an emptynetworkif a given pair of variableshasan emptylabel.
Next, in orderto showthat non-emptylabelson eachpair of variablesimply global con-
sistencywe introducea dual networkP4(Vy, Cq, D4) suchthat:

o Vi={aq,...a}. Avariableof Vj, o;, represents pair of variablesin theoriginal
network(anelement(z; 1, z; ») of V? sothatz(; 1) # 2 2))

e adomainin D, is acombinationof two domainsn D

¢ arelationbetweenwovariablesq, anda,,, of Vy istherelationR(z (., 1, #(u,2), Z(v,1); Z(v,2))
resultingfrom the intersectiorof the relationsbetweenz ., 1), 2(u,2), Z(v,1), Z(v,2) IN
the original problemP.

The original and dual networksare shownto be equivalent(eachsolutionof the primal
correspondso a solutionof the dualnetworkandvice versa).(3,2)-relationaktonsistency
of the original network P is thenshownto imply 4-consistencyf the dual networkP,.
However the dualnetworkis binary Sinceits variablesarepointsin two dimensionsfor
proving extensibilitywe haveto apply Helly’stheoremin two dimensions: sinceP; is 4-
consistentthe constraintsmposedby anytriple of alreadyinstantiated/ariablesintersect
andthusthereis a non-emptycommonintersection.Sincethis guaranteethatany partial
solutionis extensible P, is globally consistent.Sinceit is equivalentto P, the original
problemmustalsobe globally consistent.

]

5.4. Generalization of (a)-convexity

Directional (x,y)-convexity

Sofar, wehaveassumedull convexityof theconstrainnetwork.\We now examinehow,
analogouslyto the caseof binary constraintsa lessrestrictiveconvexityconditioncanbe
definedor n-aryconstraintsWefirst proposehefollowing generalizationf the(z)-convexity

property:



25

Definition. (z1,...z;)-Convexity

Let R beann-aryrelationbetweem variablese; ... z,. Rissaidtobe(z,...z;)-convex
inthedomainsD; x ... D,, if, for anytwo pointsq; andg, in theregionr definedby R,
suchthatthe segment;gs is onaplaneparallelto z; ... x z, g1gz iS entirelycontained
nr

Informally, this meanghata relationis (z1, . . . 3 )-convexif any subprojectioroverthe
subse(z1, . ..z;) yieldsaconvexk-ary region.

In the proof of Theorem?, convexity of the constraintss usedonly in the application
of Helly’stheoremto ensureextensibilityof partial solutionsof thedualnetwork. Here, it
would besufficientto haveconvexityholdonly in two of thethreedimensionsnvolvedin
the constraint.Thus,we havethefollowing theorem:

THEOREM 8 Let A bea (3,2)-relationally consistent ternary constraint network. If there
existsan ordering of thevariablesz1, ...z, suchthatfor anyi, j, k: 1 <i< j <k <n,
R(zi,xj, ) is (z;, x1)-convex, then the network is globally consistent and a consistent
instantiati on can be found without backtracking.

Sketch of proof.

Accordingto Helly’ stheorenin two dimensionsthefactthateachternaryrelationR(xz;, x;, xy,)
is (z;, zy)-convexguaranteethatthebinaryrelationsR(z; , x; ) derivedfrom theproblem
arenon-empty(R(z;, 2x) = (;,; [ 1., R(xi, #;, zx)). By constructionthesebinaryre-
lationsareconvexandhavenon-nullpairwiseintersectionsConsequentlya similar argu-
mentasthe onegivenfor the proof of theorem2 hold andinstantiationcanbe carriedout
backtrack-freed.

Generalization to general r-ary CCSP

In thecaseof network=of arity », thecompositiorof two maximalarity constrainthaving
atleastonevariablein common esultsin arelationof arity 2r — 1. In analogyto the case
of ternarynetworkswe observehatthe extensiorof anr-ary setof variablego aregionof
arity » — 1 doesnotinvolve relationswith arity greatethanr. To applyHelly’stheorem,
we mustintroducethe notion of (r,r-1)-relationalconsistencywhich guaranteethateach
setof r relationshavingr — 1 variablesn commonhasa non-nullintersection:

Definition. Let? beanetworkof relationsoverasetof variablesX, of arity r. Let
Rr(z1,y1, ..;Yr=1), ... Rr.(2r, 41, ..., yr—1) ber relationsof N sharingther-1 variables
{y1,...yr—1}. Therelationsare (r,r-1)-relationallyconsistentelative to the sharedva-
riablesif andonlyif anyconsisteninstantiatiorof thevariablesn {z1, ..., z,} hasanexten-
sionto {y1,...yr—1} thatsatisfiesall relationssimultaneously The network P is rela-
tionally (r,r-1) consistentf andonly if all relationsare(r,r-1)-consistentvith respecto all
subset®f sharedvariables.

Thefollowing resultcanthenbe proven(see(Sam-Haroud1995)):

THEOREM 9 Let P beaconstraint network of arity r at most, (z1, . . . z,_1)-convex. If P
is (r,r-1)-relationally consistent then it is globally consistent.
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6. Relevancefor practical applications

We now discusgherelevancef theresultsof section 5 for solvingpracticalCSPsin con-

tinuousdomains.We first discussjn termsof topologicalpropertiesof thesolutionspace,
thetheoreticacomplexityof solvingCCSPsWethenpresenhowthesecomplexityissues
translatevhenconstraintsarerepresentetly 2*-trees.

6.1. A classification of CCSPs

A generalCCSPmayadmitno convexor axis-convexconstraininetworkrepresentation.
Moreover evenif theinitial problemis axis-convexgconsistencyalgorithmsmay not pre-
servethis propertysinceintersectinggwo non-convexegionsmay resultsin anarbitrary
numberof distinctsub-regionsFor thesereasonstheresultof Theoremdt, 8 is valid only
onthea posteriorinetworkscomputeddy consistencylgorithms.Concerninghea priori
networks,similar resultscan be formulatedonly for the classe®f problemswhereaxis-
convexityis closedundercompositionrandintersectiorof constraintsln orderto bounda
priori the complexityof solving CCSPsit is desirableto identify the classe®of problems
for which the axis-convexitypropertyis closedunderintersectiorandcomposition.

We candistinguishthreeclasse®f CCSPsasfollows:

i. CCSPsawhereall therelationsdetermineconvexregions

ii. CCSPwhereeachrelationdetermininga non-pathconnected
solutionspaceconsistof asetof convexregions.

iii. CCSPsawherethereexistnon-convexegions

In problemsof classi, sincetheintersectiorof two convexregionsis necessarilyconvex
(andhenceaxis-convex)consistencylgorithmsawill preserveheconvexityof theconstra-
int networkrepresentatiortence problemsof thisfirst categorycanbe solvedefficiently
using path consistencyollowed by backtrack-fregnstantiation. Problemsof classii re-
quireanadditionalsearchprocedurebutin generakrestill solvableefficiently. Problems
of classiii cancausean explosionof the numberof disjoint solutionregionsandremain
difficult to solve.
Search

A multi-convexCCSP(typeii) canbe decomposeihto convexsub-problemspnefor
eachpossiblecombinationof convexsub-region. We showin (Sam-Haroud1995)that
solving a multi-convexCCSPis NP-Hardin the numberof disjoint convexregions. Ho-
wever if thetaskconsistsof finding any globally consistentegionof the solutionspace,
backtrackingalgorithmscanbeproposedsalternativesgo thebruteforceenumeratiorpro-
cess. Similarly to the caseof temporalproblems(Dechteret al., 1990),a multi-convex
CCSRC, canbetranslatednto adiscreteCSPwherethevariablescorrespondo theedges
of C andthe valuesfor the variablesarethe 2*-tree approximationsf the relation con-
vex subregionsTheassignmentX, = Treeq,..X; = Tree;) is consistentf andonly
if the correspondingonvexCCSPis consistent.Sincethe complexityof solving convex
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subproblemss boundedandpolynomial),moresophisticatedearchrschemeganbe de-
signedthatincorporatdocal consistencgheckingwith search.
Splitting

In problemsof typeiii, the splitting problem(similarto the onedescribedn (Hyvonen,
1992)mayoccurandthecomplexityis difficult to estimate In thebestcasetheconsistency
algorithmmay createa convexconstraintnetworkfrom a setof non-convexelations.In
theworstcasehowevertheintersectiorof eachpair of non-convexegionsmayresultin
anunboundedumberof disjoint newsub-regionsvhich canin turn split again. Practical
solutions(suchasstoppingthe splitting processvhenthe maximumprecisionis reached)
canbe usedto boundthe combinatorialexplosion,butin generathe complexityremains
highfor CCSPf typeiii.

6.2. 2*-treesand convexity

Whilethe2*-treerepresentatioof constraintpresentsnanyadvantages termsof expres-
sivenesssimplicity andreliability, we havenotyet consideredhecrucialissueof whether
thisrepresentatiopreserveshetopologicalpropertieof theoriginal solutionspacgcon-
nectivity, convexityetc...). Sincethe 2*-treedecompositiorgeneratestepwiseapproxi-

N

Figure 12. When the resolution in insufficient, a connected solution region can yield an empty (-A-) or a discon-
nected (-B-) Z(S) representation.

mationsof the boundariesgonvexityis obviouslynot preservedn the strict mathematical
sense.Moreover asshownin Figure12, whentheresolutionchosenis insufficient, situ-
ationsmayoccurwherea connectedolutionspaces representetly disconnectedr even
empty2*-treeregions.

We showin (Sam-Haroud]995)thatthe 2*-treerepresentationf anysolutionspaceS:

¢ hasaconnected@ndnonemptyZ(S) representatioif it its smallestiameteiis atleast
two timesthelimit of resolution,

¢ canyieldadisconnected(S) representationnly in thecasewhereits smallesdiame-
teris lessthantwo timesthelimit of resolution.Moreover a singleadditionallevel of
decompositions thensufiicientto maketherepresentatioconnectedgain.

Hence the only risk that presentstself whenrunningthe propagatioralgorithmsusing
the2* -treerepresentationf convexconstraintss therisk of disconnectionlt occurswhen
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thesolutionof the CCSPfalls within thelimit of resolutionchoserfor the 2 -treerepresen-
tationandis thereforerestrictedo limit casesln themaginal casesvherea disconnection
occursjt isthenpossiblesitherto resortto furtherrefinementsf thequadtreesrto neglect
the solutionregionwithin the disconnectedrea—considerinthatits identificationrequ-

iresaprecisionhavingno significancefor theapplication. Theproblemwill thenbe stated
asnon-convex.

Solving non-convex problems

For afixed precisionwe showin (Sam-Haroud]995)that 2*-treesfor ageneralCCSP
canalwaysbedecomposethto convexones(seeFigure 13) andthe problemcanthenbe
solvedby searchtechniquesasthosesketcheautfor multi-convexCSPs However in this
caseproblemswith insufficient resolutionlimits cannotbe fixed by simply increasinghe
resolution,sincea higherresolutionmight requirea differentsubdivision. Thus,thereso-
lution complexityafterdecompositiortanonly be boundedvhenthe precisionrequiredis
fixedapriori. Thisconditionholdsfor almostall theengineeringpplicationgnanipulating
physicalentitiesmakingit possibleto applythemethodsve havedescribedo almostany
practicalengineeringproblem.

Checking for convexity and axis-convexity

Whenconstraintareapproximatedisingquadtreesye showin (Sam-Haroud] 995)that
theaxis-convexitypropertycancheckedor in O(Nlogs(N)+2P=/¢) whereN isthenum-
berof feasiblenodes,D, is the domainsizeof variablez (i.e. intervallength)ande the
minimal interval lengthof = in the quadtreedecomposition.Similarly, convexitycanbe
checkedor in O(2Nlogs(N)+2%+!) whereN isthenumberf feasibilitynodes D is the
maximaldomainsizein thequadtredi.e. intervallength)ands theminimalintervallength
in thequadtrealecompositiorffor afixed precision thiscomplexityis O(Nlogs(N)). Si-
milarly, we showin (Sam-Haroud1995)thatthe (x+, 2 )-convexity property usefulfor
solvingternaryproblemscanbecheckedor in O(N + Nlog4(N)), for afixed precision.

Directional axis-convexity
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In (van Beekand Dechtey 1995), van Beekand Dechterproposean algorithmfor de-
termininga directionalrow-convexorderingfor discreteproblems.This algorithmcanbe
directly mappednto anequivalentonefor determininganaxis-conveordering. We pro-
posein (Sam-Haroudl1995)avariantof vanBeekandDechtetsorderingalgorithmhaving
acomplexityof O((n - Nlogs(N)) wheren is the numberof variablesand N is the num-
berof feasiblenodesn thequadtreesf maximalsize. In the caseof ternaryconstraintsthe
appropriatevariableorderingcanbe derivedsimilarly to the caseof axis-convexitywith a
complexityof O(n - (N + Nlog4(N))) for afixed precision(see(Sam-Haroud1995)).
Comparison with the discrete case — 2*-trees and backtrack-free search:

It isworthmentioninghattheresultsonn-aryconstraint§seesectiorb.3)arenotdirectly
transferableao discretedomains.Ensuringbacktrack-freesearchn ternaryconstraintge-
quiresconvexityconditiongto holdin $*? ratherthat®. We haveshowrthat(3,2)-relational
consistencys equivalento global consistencybut the backtrack-fregénstantiationmight
requirerefiningtheresolutionof differentvariables.Thisis possiblein continuousdioma-
ins, but not possiblef we usea continuousiomainto represena discreteproblem.

Considerthe following examplewheretwo matricesrepresentingliscreterelationsare
understoodas showingconvexsolutionregions. Whenwe intersectthe two regions,the
resultis:

N °
/ / ® |\ N T T 0
(l //O 0\\\/1

i.e. theintersectiorhasbeenlostasit is smallerthantheresolutionlimit. In acontinuous
problemwe cannowrefinetheresolutiornto makethis problemgoaway andcontinuewith
theinstantiation.Butin adiscretgoroblem we donothavethis possibilityasthemaximum
resolutionis fixed. A path-consistenfibelingdoesnot guarante¢hatwe canin fact suc-
cessfullycompleteabacktrack-freénstantiatiorwithoutneedor increasingheresolution,
andhencedoesnot guaranteglobal consistencyn a discreteproblemwherethis possibi-
lity doesnot exist. Thus,our resultscanunfortunatelynotimproveon the complexity of
discreteconvexCSPs.

7. A practical example

We nowsketchouthowtheintroductoryexampleof Figurelis solvedusingourmethod.In
thisexamplefour mainindependentariableshbeamdepth(#;), slabthickness(/;), beam
span(W)andbeanspacing(Sarelinkedtogethethroughthefollowing non-linearconstra-
ints:

H, > 137.70 — 8633.10735 4+ 5511.10785% — 8358101053

11%2.35 % ps W2\ 27
105C * f,

Hy > 41.383 <
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Figure 14. Some octrees constructed for the steel structure problem
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Figure15. Threeconstraintsfromthesteel structureproblem. Theareaswithinthe dashed linesarethose removed
while enforcing global consistency

(Psw(slab) + Pdl) * S W 1.5161
=1L . W
p=13 1000 +0.000074 ( o
Puse xS D %350 W3 0.2839
Hy > .
1000 "0.1545 * 384 * F,

Pus¢ istheshorttermlive loadwhichequalgo 4k N/m? and £, equalsto 210000 N /mm?
in thisexample.Traditionally, anengineemworksthroughthesesquationsierarchically:at
notimeis thecompletesolutionsetknown. Explorationof possiblesolutionsis donepoint
by point accordingto the experienceof the designer Using our method,a large spaceof
potentialsolutionscanbe madeexplicit for thefirst time.

We startby transforminghe original probleminto aternaryequivalenione:

u < (3.18.107°H, 4 0.0054)S

H, > 137.70 — 8633.107%S + 5511.107 5% — 8358107 '%5?
p = u+9.62.107%(0.0417W)" *1%!

Hy > 0.77(p.W?)03976

Hy > 0.0168(s.W?)0-2839

Figurel4 showstheoctreerepresentationonstructedor eachrelation. Figurel5 shows
a setof constraintderivedfrom the problemafter global relaxation:the areaswithin the
dashedinesarethoseremoveddy (3,2)-relationatonsistencyThe(3,2)-relationallycon-
sistenctreesarenotconvexbut(s, w, hy, p, hs, u) isidentifiedasadirectionalx,y)-convex
ordering.Thesolutionsof theproblemcanthereforebederivedbacktrack-freewhichmight
producefor examplethefollowing very differentinstantiations:
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sol ution 1:

[ 1959.38 , 1981.25],
?W = [5953.12 , 6281.25],
?HB = [267.19 , 275.0],
?P = [18.28 , 19.38],

?HS = [120.31 , 125.0],
?U = (17.81 , 22.5)

sol ution 2:

1981. 25 , 2003.12],
5953. 12 , 6281. 25],
?HB = [267.19 , 275.0],
?P = [18.28 , 19.38],

?HS = [120.31 , 125.0],
?2U = [17.81, 22.5]

=1
=1

This showsthatthe problemadmitsin fact a large spaceof potentialsolutions,of which
currentmathematicainethodsonly find a singleoneat random.The newtool offersmany
new possibilitiesfor optimizationwhich havenotbeenexploredbefore.

A prototypelisp implementatiorcalculateghe octreesandenforcegylobal consistency
for thisproblemin approximately800secondenasSiliconGraphicdndigowith anR4000
processar

8. Conclusions

Ourwork hasbeemmotivatedby theneedf practicalengineeringroblemswheredecision-
makingcanbenefitgreatlyfrom knowledgeof the globally consistentangeof variables.
It is surprisingthatamongthe manytoolsavailablefor solvingnumericalconstraintsyery
few arecapableof addressinghis problemin a practicallyusefulway. In this paperwe
haveshowntwo majorresults,namelythat:

e anappropriateepresentatiomf numericalconstraintsallows reliable algorithmsfor
higherdegreeof consistencyhanarc-consistency

¢ generatonditionscanbeidentifiedundemwhichglobalconsistencys tractablefor con-
tinuousconstrainsatisfactiomproblems.

This hasallowed solutionsto many practicalconstraintsatisfactionproblemswhich are
muchappreciatedy engineers.

Thereexista myriad of methodgfor constraintsolving, rangingfrom mathematicahnd
operationgesearchechniquedo interval arithmeticandlocal consistencynethods.Due
to thedifficulty of dealingwith arbitrarynumericalconstraintsit is notsurprisinghatnone
of thesetechniqueprovidessatisfactorysolutionsin all casessomemethodsaredesigned
to responcefficiently to the needwof particularproblemspthersaremoregenerabut less
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performing. The methodwe proposeds very generalput alsomakesa restrictiveassum-
ption. It is guaranteetb solveany continuousonstrainsatisfactiorproblemaslongasan

acceptableesolutionlimit canbe specified. This restrictionis very differentfrom others,
but quitereadilysatisfiedn manypracticalproblems.

Note thatwhile the polynomialcomplexityboundsarevalid only undercertainconve-
xity conditionsthealgorithmis guaranteedo terminatewith the correctsolutionno mat-
terwhattheform of the constraintsare. Thisis a significantimprovemenbvertraditional
interval-base@pproximationtechniquesvhich handleconstraintsusingiterativenumeri-
calmethodsareinevitablyconfrontedwvith convegenceandstability problemsvhichmake
terminationimpossibleto guaranteeDiscretizations the price paidfor this guaranteeyut
we believeit is aoftenaminimal price.
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