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Abstract. Weconsiderconstraintsatisfactionproblemswith variablesin continuous,numericaldomains.Contrary
to mostexistingtechniques,which focuson computingonesingleoptimal solution,we addresstheproblemof
computinga compactrepresentationof the spaceof all solutionsadmittedby the constraints.In particular, we
showhow globally consistent(alsocalleddecomposable) labelingsof a constraintsatisfactionproblemcanbe
computed.

Ourapproachis basedon approximatingregionsof feasiblesolutionsby ! " -trees,a representationcommonly
usedin computervisionandimageprocessing.Wegivesimpleandstablealgorithmsfor computinglabelingswith
arbitrarydegreesof consistency. Thealgorithmscanprocessconstraintsandsolutionspacesof arbitrarycomple-
xity, but with afixedmaximalresolution.

Previouswork hasshownthatwhenconstraintsareconvex andbinary, path-consistencyis sufficient to ensure
global consistency. We showthat for continuousdomains,this resultcanbegeneralizedto ternaryandin fact
arbitraryn-aryconstraintsusingtheconceptof (3,2)-relationalconsistency. This leadsto polynomial-timealgo-
rithmsfor computingglobally consistentlabelingsfor a largeclassof constraintsatisfactionproblemswith con-
tinuousvariables.

Keywords: consistencyalgorithms,convexity, globalconsistency, constraintsatisfaction,constraintpropaga-
tion, intervalarithmetic,forwardchecking,numericalconstraints,continuousconstraints

1. Introduction

Many problems,rangingfrom resourceallocationandschedulingto fault diagnosisand
design,involve numericalconstraintsatisfactionasanessentialcomponent.A constraint
satisfactionproblem(CSP)canhaveone,severalor no solutions. Most commonlyused
constraintsolversattemptto computea singlesolution,optimalaccordingto somecrite-
rion. Most solversarebasedon linearandnon-linearprogramming,othersusenumerical
analysis,hill-climbing or stochastictechniques.

In manyapplications,theconstraintsatisfactionproblemis embeddedin alargerdecision
process.In thiscase,it maybedesirableto computethespaceof all solutions.Thishasthe
advantagethatnooptimizationcriterionmustbeformulatedbeforehand,andthatthespace
of possibilitiescanbeexploredsystematically. In certainapplications,suchasdiagnosis,
designandconfiguration,theseareimportantadvantages.In this paper, we explorealgo-
rithmswhichconstructcompactdescriptionsof thecompletesolutionspace.

In computingthecompletesolutionspacefor aCSP, themainproblemis howto represent
it in a compactmanner:in theworstcase,thenumberof solutionsto a CSPmaybeexpo-
nentialin thenumberof variablesandit is clearlynot practicalto simply give a list of all
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possibilities.Whenvariabledomainsarecontinuous,thesolutionspacemaybeacomplex
shapein manydimensionswhich is difficult to representandreasonabout.

In consistency techniques,thesolutionspaceis representedcompactlyby labels assigned
to individualvariablesandconstraints.Whenthelabelingis globally consistent, eachlabel
containsonly valuesor valuecombinationswhichoccurin at leastonesolution.To narrow
downthespace,theusercanrestrictor fix thevalueof anyoneof thevariables.Thisrestri-
ction is thenbepropagatedthroughthe constraints(moreprecisely, the consistentlabels
of theconstraints)andwill resultin correspondingrestrictionsonall othervariables.Such
a labelingis a compact,soundandcompleterepresentationof thesolutionspaceadmitted
by theconstraintsatisfactionproblem. In this paper, we focuson the problemof how to
computesucha labelingfor constraintnetworkswith continuousvariables.

In discretedomains,labelsarerepresentedsimply asenumerationsof valuesor value
combinations.In continuousdomains,setsof individualvaluesareoftencompactandcan
be representedby oneor a smallcollectionof intervals. However, representingandma-
nipulatinglabelsof severalvariablesis moreinvolvedastheymaybecomplexgeometric
shapes.In this paper, we presentconsistencyalgorithmsusingthequadtree/octreerepre-
sentationdevelopedin computervisionto computea labelingof anydegreeof consistency
in continuousdomains.

Onecandistinguishdifferentordersof consistencyaccordingto thesizeof subnetworks
takenintoconsideration:1-consistencyfor networksinvolving1variableonly,2-consistency
for 2 variables,andin generalk-consistencyfor networksinvolving k variables.Freuder
(Freuder, 1978)providesanalgorithmfor computingk-consistentlabelingsfor constraints
in discretedomainswhoseruntimeis exponentialin k.

While in general,computingaconsistentlabelingis NP-hard,recentresultsshowthatin
thecasewhereconstraintsareconvex, low ordersof consistencyareequivalentto global
consistency. For thecasesof (i) binarydiscreteand(ii) binarytemporalconstraints(invol-
vingatmost2variables),it hasbeenshownthatpath-consistency(alsocalled3-consistency)
is equivalentto globalconsistency(vanBeek,1992),(Dechteret al., 1990).In thispaper,
weshowthatsimilar resultscanbestatedfor continuousconstraintsof arbitrarytypesand
arities,contraryto thediscretecasewheregeneralizationto non-binaryconstraintslosesthe
polynomialtime complexitybounds(vanBeekandDechter, 1995).
Practical motivation

Thiswork hasbeenmotivatedby a projecton intelligentdesignsystems(Faltingset al.,
1992),(Haroudet al., 1995)which revealedtheshortcomingsof existingtechniquesand
broughtto light technologicalrequirementsinherenttoawidevarietyof practicalproblems.

Manypracticalcontinuousconstraintsatisfactionproblemsareembeddedin decisionpro-
cesses.Thesetof variablesandconstraintsis not independentof particularsolutionsand
maychangedependingonthevaluechosenfor certainvariables.Figure1showsanexample
from civil engineeringwhich illustratesthis point. Theproblemis to designa floor con-
sistingof a concreteslabon steelbeams.Dependingon thevalueschosenfor depthand
spanof thebeam,differentdesignalternativesarepossible,shownin Figure2:

# asthedepthto spanratio becomeshigher, susceptibilityto vibrationsincreases.This
requiresinstallingbridging(lateralreinforcements)for dampingthefloor (Figure1,op-
tion -a-). This is thecasewhenthebeamdimensionsfall into regions3 and4.
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# Theplenumis thespacesituatedbetweenthefloor of onestoryandtheceiling of the
storybelowit (Figure1). Theplenumisoftenafixedheight,andthereisageneralprefe-
rencefor havingtheventilationductsgobelowthebeamswithin thisplenum(Figure1,
-c-). However, for a relativelydeepbeamwheretheheight(h) is greaterthan500mm
(region4), it is generallyno longerpossiblefor thoseductsto gounderthebeams.At
thispoint,rectangularopeningsmustbemadein thebeams(Figure1, -b-) to allowpas-
sageof theventilationducts.

# Forconnectingbeamsattheirends,themosteconomicalconnectionisbyend-plates(Fi-
gure1, -e-),but this is only feasiblefor a depthof lessthan350mm(regions0 and1).
For greaterdepths,a double-angleconnection(Figure1, -d-) might bemoreadvanta-
geous(regions2, 3 and4).

Whennumericalvaluesof parametersserveas the basisfor decisionsand impact the
whole resolutionprocess,the identificationof single point solutions satisfyingthe setof
activeconstraintsusuallyfails to identify all options. In theexampleof Figure1, a tradi-
tional mathematicalmethodsuchaslinearprogrammingwould identify a singlesolution
within oneof theregions0,1,2, 3 or 4. This forcesthedesignerinto a particularchoiceof
designalternativespurelyonthegroundsof idiosyncrasiesof theconstraintsolvingproce-
dureandhisoptimizationcriterion.

Usingconsistencytechniquesprovidestheuser(or anotherprogram)with ranges of fe-
asiblevaluesassoundandascompleteaspossiblewhich allow rationaldecisions.In this
example,it turnsoutthatglobal consistencyis important:thebeam’sdepthandspanarelin-
kedto othervariables(slabthickness,beamspacing)throughseveralnon-linearequations.
Region0 eventuallyturnsout to beinconsistentwith theseconstraints,but this is not de-
tectableusingonly local consistencymethods.Thus,a designermight choosesolutions
whichultimatelywould turnout to beinfeasible.

In practice,continuousvariablesadmitan infinite setof values.By restrictingthe form
of constraints,it becomespossibleto reasonaboutadmissiblevaluesalgebraically. In this
paper, wepursueanalternativesolution.In practice,mostcontinuousvariablescanonlybe
fixedwith acertainmaximalprecision.Forexample,it wouldbeunimaginabletoconstruct
a bridgeof 10 km whoselengthwould bepreciseto themicrometerrange.Thus,solution
spacesareonly usefulwhentheyrequireno morethansomemaximalprecision.We the-
reforediscretizevariablerangesto themaximalusefulresolution.This leadsto algorithms
whicharestableandapplicableto constraintsof arbitraryform.

Westartthispaperby reviewingrelatedwork. Wegoonto presenttheconstraintandso-
lution spacerepresentations,andalgorithmsfor makingthemconsistent.Finally, weshow
how andin whatcircumstanceswe canefficiently computeglobally consistentlabelings,
andgivea concreteexampleof anapplication.

2. Processing continuous constraints

While extensivelyappliedto discreteproblems,consistencytechniqueshavehadfew re-
sultsfor of continuousconstraints.This is not surprisingwhenwe considerthe fact that
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consistencyalgorithmsaremainly usedaspreprocessingproceduresfor enablingsearch,
whichismostusefulfor discreteproblems.Althoughcontinuousfeasibilityspacespreclude
enumerationin thestrictsense,thenotionof constraintpropagationfor localpruningis ap-
pealingfor continuousproblemsbyprovidingarapidandflexibleapproximationtechnique.

In this work we investigatethecontributionof propagationtechniquesto constraintsa-
tisfactionproblemsin continuousdomains.

In thefollowing, acontinuous CSP (CCSP),132546187:9<;=9�>�?8? , is definedasasequence7
of variables @�A�9�@�BC9�DEDED3@�F , takingtheirvaluesrespectivelyin aset ; of continuousdomains;GAH9�;IBJ9�DED�D�9�;KF andconstrainedby asetof relations >LA�9�DEDED<9�>NM . A domain is aninterval
of O anda relation is definedintensionallyby a setof arbitraryequalitiesandinequalities.
Constraintsareusuallygivenasnumericalequalities andinequalities of arbitrarytypesand
arities.

In ak-aryCCSP,everysubsetof variablesPH@ A 9ED�DEDQ@�RTS hasasinglerelation>NUTV8WXWXW UHY which
definesconsistentvaluecombinations.Thisrelationmaysummarizeseveralconstraintsin-
volving thesamevariablesandis alsocalleda total constraint(Faltings,1994).
Consistency techniques in continuous domains

Early work on constraintpropagationfor continuousdomains,suchasthework of Da-
vis (Davis,1987),hasshownlittle success.Theconvergenceof local propagationtechni-
ques,suchastheWaltz algorithm,cannotbeguaranteed.Furthermore,whenappliedin a
straightforwardmanner, it is not evenpossibleto guaranteethatlocalpropagationensures
arc-consistency!A goodinsight into theproblemsencounteredcanbefoundin thepaper
of Davis(Davis,1987).

Foralongtimethesenegativeresultshavebeenattributedto theanalyticalcomplexityin-
herenttosolvinggeneralsystemsof equationsandinequalities.Recentadvances,(Hyv Zonen,
1992),(Faltings,1884),(Lhomme,1993)and(Benhamouet al., 1994),havehoweverqu-
estionedtheseconclusionsandproposedvariousremediesandsignificantimprovements.

Yet, sincecomposingcontinuousconstraintsnumericallyis a complextask,mostof the
techniquesfor continuousCSPswork with theunaryprojectionof constraintsratherthan
constraintsthemselvesandthevastmajorityof propagationtechniquesarevariationsof the
sametheme— fixed-pointiterationviaarc-consistencyalgorithms— with emphasisputon
improvingthetighteningtheouterboundson variabledomains.Constraintsaregenerally
roughlyapproximatedby thefeasibilitydomainsof thevariablestheyinvolveandthecom-
binationof constraintsthenreducesto elementaryoperationson intervals.

Thefirst practicalimplementationslimited themselvesto basicintervalarithmeticopera-
tionsfor refiningtheintervalslabels,throughfixedpoint iterates.Sinceintervalarithmetic
oftenproducesunrealisticestimates,theseimplementationsarerelativelyweak.Improve-
mentshavebeenproposedbasedon:

# A specificadaptationto particulartypesof constraintslike in CLP(F),(Hickey, 1994),
which is devotedto functionalconstraints

# A capabilityof handlingmultiple solutionslike in ECHIDNA, (SidebottomandHa-
vens,1992),whererealdomainsarerepresentedby intervalhierarchiesallowingcontrol
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of theconstraintprocessingprecisionandprovidingahierarchicalversionof consistency
algorithms.

Themostsignificantimprovementsof arc-consistencytechniquesin continuousdomains
aregivenby theworksof Lhomme(Lhomme,1993),Benhamouet al. (Benhamouet al.,
1994)andFaltings(Faltings,1994). The two formerworkssharesomesimilaritieswith
our work, while the latter tacklesthe issuefrom a differentperspectiveandanalyzesthe
causebehindthebadperformanceof traditionalarc-consistencytechniquesin continuous
domains.In (Lhomme,1993),Lhommeproposesanintervalpropagationformalismbased
on boundpropagation.A newconsistencyconcept,weakerthanarc-consistencyandcal-
led2-B-consistency, is introducedthatassumestheconvexityof variables’domains.In the
casewheretheeffectivedomainsaredisjunctive,2-B-consistencywill consequentlyadmit
local inconsistencieswithin the labels. In Lhomme’s approach,constraintsaredecompo-
sedinto primitive (basic)constraintsallowinganeasydefinitionof extremafunctions.The
relaxationstepof the2-B-consistencyalgorithm— analogto AC-3 — usestheseextrema
functionsto refinevariables’domainsuponfixed-pointiterate.In (Benhamouet al., 1994)
is presenteda logic programminglanguagecalledNewton extendedto handlesystems
of non-linearequationsandinequalitiesaswell asconstrainedandunconstrainedoptimi-
zation. Newton implementsa relaxedversionof arc-consistencycalledbox-consistency
usingthe combinationof intervalarithmeticwith a binarysearchtechnique.Thegoalof
box-consistencyis to determineanouterenclosingapproximationof eachvariable’s do-
main,astightaspossible.Oncetheapproximationisdetermined,Newtonusesabranching
mechanismfor isolatingsolutions(vanHentenrycket al., 1995).

Both2-Bandbox-consistencyassumethatvariabledomainsareconvexandfocusonop-
timizing thetighteningof thefeasibilityspaceouterbounds.Theirprincipaldifferencelies
in thefact that2-B consistencyrequiresintervaltoolsfor computingtheunaryprojections
of constraints,while box-consistencyworksdirectlyontheoriginalconstraintsandappro-
ximatestheprojectionsusingthecombinationof intervalNewtoniteratesandbisection.

In (Faltings,1994),theauthorshowsthatsomeundesirablefeaturesof propagational-
gorithmswith interval labelsmustbeattributedto theinadequacyof thepropagationrule
andto a lack of precisionin thesolutionspacedescription.Faltingsdemonstratesthatby
usinganetworkof totalconstraintsalongwith arelaxationrule— basedontheidentifica-
tionandclassificationof localextrema— soundandlocallycompletepropagationbecomes
possible.Faltings’algorithmhasbeenimplementedfor bothbinaryandternaryconstraints
with goodpracticalresults.

In thepresenceof cyclic constraintnetworks,fixed-pointiterationscannotguaranteecon-
vergence.Lhommeaddressestheproblemby introducingthenotionof 2-B(w)-consistency
— a partial form of 2-B-consistency— characterizingthedegreeof consistencyobtained
whentherefinementprocessterminatesabnormally(loopingproblems). [ characterizes
theimprecisionof thecomputedboundsand2-B(w)-consistencyisequivalentto2-B-consistency
when [\4^] . Using2-B(w)-consistency, thecomplexityof theconsistencytechniquecan
alsobetunedby fixing theprecisiondesiredfor theresultingintervalbounds.

Path-consistencyalgorithmssuchasPC-1andPC-2havebeenappliedsuccessfullytosome
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restrictedclassesof continuousconstraints(temporalconstraints(Dechteret al., 1990)and
spatialconstraints(Tanimoto,1993).In thegeneralcasehowever, andin theabsenceof re-
liabletoolsfor combiningnumericalconstraints,it isdifficult to reachevenarc-consistency.
Thus,only a few authorshaveinvestigatedthe issueof algorithmsfor higherdegreesof
consistencyin continuousdomains.

Oneof thefirst attempts,by Hyv Zonen(Hyv Zonen,1992),introducedthe notionof tole-
rance propagation(TP)whichgeneralizestheideaof numericalexactpropagationinto in-
tervalpropagation.A localtolerancepropagationalgorithm,closelyrelatedto theWaltzfil-
teringalgorithm,isproposedthatcanbegeneralizedintoglobalTPfor determiningglobally
consistentsolutions.Theideabehindglobaltolerancepropagationis to useglobalsolution
functionsinsteadof local onesduring propagation.Sincethe evaluationof complicated
intervalfunctionsis oftencomputationallyexpensive,theauthorproposesapartialglobali-
zationschemawhichdeterminesglobalsolutionfunctionsonlywith respecttosomecritical
variablesandsomesubnetsof theoriginalconstraintnet.Lhomme(Lhomme,1993)propo-
sedboundpropagationalgorithmswhosecomplexitiescanbetunedby fixing theprecision
of theresultingintervalbounds.Thesealgorithmscanreachhigherdegreesof consistency
thanarc-consistencybut refineuniquelytheouterboundof thefeasibilitydomains.

Backtrack-free search

A globally consistent(or decomposable)labelingis a compactandconservativerepre-
sentationof all solutionsadmittedby theconstraintnetwork. It is sound in thesensethat
thelabelingneveradmitsanyvaluewhichdoesnot leadto a solution.It is conservative in
thesensethatall solutionsarerepresentedin it.

In aglobally consistent network(alsocalleddecomposable or stronglyn-consistent),any
partialconsistentinstantiationof asubsetof variablescanbeextendedto asolution with no
backtracking(Dechter, 1990),a processwhich cangenerallybecarriedout in lineartime.
Minimality asdefinedbyMontanari(Montanari,1974)for binarynetworks,guaranteesthat
eachpair of valuesallowedby theconstraintsparticipatesin at leastonesolution. A de-
composablenetworkbeingalwaysminimalwhile theoppositeis not true,sominimality is
a weakerproperty.

Extractinga particularsolutionfrom a consistentlabelingis aniterationof two stepsin
whichvaluesareassignedto variablessequentially. In thefirst step,anunassignedvariable
is selectedandassigneda valuewithin its label. In thesecondstep,thelabelsof all rema-
iningunassignedvariablesareupdatedsothattheycontainonlyvalueswhichareconsistent
with thosealreadyassigned.If the initial labelingis globally consistentandnon-empty,
everypartialassignmentof variablescanbeextendedto a full solution.Consequently, the
assignmentprocedurewill neverrequireanybacktracking.

In general,a globallyconsistentlabelingmayrequireexplicitly representingconstraints
for all variablesin theproblem,a taskwhichhasexponentialtimecomplexityin theworst
case.However, undercertainconditionslocalconsistencyalgorithmsaresufficientto com-
putea globallyconsistentsolutionspaceor at leastto boundtheremainingsearcheffort.

For example,it hasbeenshown,(Freuder, 1982),for discreteconstraintsthatwhenthe
constraintnetworkis a tree,arc-consistencyalsoguaranteesglobalconsistency. This is an
exampleof how the topologyof the constraintnetwork cansimplify the computationof
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Figure 3. The enclosing rectangle of an intersection of regions _�` and _:a is in general different from the inter-
section of the enclosing rectangles of _b` and _:a .

a globally consistentlabeling(Freuder, 1978). Similarly, path-consistencyis sufficient to
ensurebacktrack-freesearchin networkswhosetopologyis series-parallel.

It hasalsobeenshownthatwhenall constraintssatisfyaconvexity conditionandarebi-
nary, path-consistencyensuresglobalconsistencyirrespectiveof thetopologyof thenetwork
(vanBeek,1992),(Dechteret al., 1990).In thispaper, weusesimilarconvexityconditions
ontheconstraintswhichallow efficientalgorithmsindependentlyof thenetworktopology.
Thesewill allow tractablycomputingdecomposablelabelingsof continuousCSPs.

Related fields

Intervalarithmeticmethodscompilecompactenclosingapproximationsof the solution
space.Theyareconsequentlyalsoappealingwhenit is neededto reasonona spectrumof
feasiblealternativesratherthanon isolatedsolutions.In intervalarithmetic,realnumbers
areapproximatedbyintervalsandarithmeticexpressionsarecomputedbyapplyingtheope-
ratorsof the formulato theendpointsof the intervalsof its arguments.Systemsof linear
andnon-linearintervalequationscanbesolvedusingtheintervalcounterpartsof iterative
algebraicor numericaltechniques.Fromtheefficiencyandrobustnessstandpoints,interval
arithmeticpresentsroughlythesameadvantagesandshortcomingsastheiterativetechni-
quesit derivesfrom. While consistencytechniquesarebasedontheconstructionof partial
solutions, intervalarithmetichandlestheentiresetof constraintsasanindivisible whole.
It is consequentlylessscalableto largeproblems.Moreover, bothlinearandnon-linearin-
tervalmethodsrequirepreconditioningstepsor mayimposerigid applicabilityconditions
(regularmatrices,globallydominantJacobiansetc...). In practice,consistencytechniques
andintervalarithmeticareoftenusedtogether(OlderandVellino, 1993),(Benhamouand
Older, 1994),(LeeandEmden,1993),(Hickey, 1994).
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3. Constraint and Label Representation

In continuousdomains,constraintgenerallyariseasalgebraicor transcendentalequalities
andinequalitiesinvolvingseveralvariables.Simplepropagationalgorithms,suchasthelo-
calpropagationalgorithminvestigatedby Davis(Davis,1987),processconstraintsdirectly
in this form. Thishasseveralimportantdisadvantages:# whenthereareseveralconstraintsinvolving thesamevariables,eachis representedbya

separaterelation.Thiscreatesunnecessarycyclesin thenetworkwhichcomplicatethe
propagationprocess.Thus,applyingtheWaltz algorithmin generaldoesnot evenre-
sult in anarc-consistentlabeling (see(Davis,1987)).Notethatif only arc-consistency
is required,thereexistsa betterpropagationrule which is guaranteedto find it (see
(Faltings,1994)). It is basedon propagatingall constraintsbetweenthe samesetof
variablessimultaneouslyandthusavoidstheartificial loopsintroducedby simpleral-
gorithms.

# localpropagationof continuousconstraintsmayneverterminate(see(Davis,1987)and
(Faltings,1994)).This is unavoidablesinceconstraintpropagationcanbe(ab-)usedto
solvesystemsof nonlinearequationsbyfixedpointiteration.However, terminationcan
beguaranteedby imposinga maximumprecisionbeyondwhichno furtherrefinement
takesplace.

# it isverydifficult togivelabelingsfor intersectedorcomposedconstraints.Forexample,
theintersectionof thesolutionsallowedbytheconstraintsc�13@d9<eT?gfh] andi�1Q@j9�ek?lfm] ,
wheref andg aresomealgebraicor transcendentalfunctionsof x andy, canin general
notbespecifiedin asimilarform. Suchintersectionsandcompositionsarerequiredfor
computinghigherorderconsistentlabelings.

Oneway of overcomingthesedifficulties is to approximatesolutionspacesby enclosing
rectanglesor boxes.Althoughthis representationis oftenusefulto narrowdownthespace
of solutionsto beconsidered,it usuallygeneratessolutionspaceswhicharemuchtoolarge.
This is illustratedby Figure3.

In ordertoobtainamorepowerfulrepresentationfor generalsolutionspaceswhichavoids
theproblemscitedabove,wemakethefollowing two assumptions:# eachvariabledomainis restrictedto aboundedinterval.Thisassumptionis reasonable

in mostpracticalproblems.

# for eachvariable,thereisamaximumprecisionwith whichresultscanbeused.Thisas-
sumptionis alsoveryreasonable,reflectinglimitationsin manufacturing,measurement
or controlprecision.

Providedthatthesetwo assumptionshold,a solutionregion > U V WXWXW U Y canbeapproxima-
tedby ahierarchicaldecompositionof its solutionspaceinto n R -trees.Forbinaryrelations,
thesearecalledquadtrees,for ternaryones,octrees.Figure4 showsanexampleof a qu-
adtreerepresentinga binaryrelation.Eachnoderepresentsa k-dimensionalsub-regionof
theoriginaldomain(i.e. thedomainoverwhich thedecompositionis carriedout). A node
hasoneof threepossibletypes:
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into a quadtree.

# white: if all pointswithin theregionareconsistent

# grey: if somepointswithin theregionareconsistentandsomeareinconsistent

# black: if all pointswithin theregionareinconsistent

Eachgreyk-dimensionalcubeis decomposedinto n R smalleroneswhosesidesareone
half the lengthof the original cube,andwhich form the childrenof the grey nodein the
hierarchy. Whenanodeis blackor white, therecursivedivisionstops.Unlessthebounda-
riesof aregionareparallelto thecoordinatesaxes,infinitely manylevelsof representation
wouldberequiredto representaregionprecisely. However, whenthereis afixedminimum
resolution,anygreynodewith a smallersizethanthis resolutionneednot bedecomposed
any further. This loosessomesolutions,but aslong astherearemoresolutionsthanthe
resolutionlimit it is guaranteedthatsomesolutionsremain.

In thecaseof equality constraints,a strictapplicationof thebinarydecompositioninto an R -treewould leaveonly greynodesat theresolutionlimit which would thenbedeclared
black. Consequently, therewould beno legalvaluesin this representation.We therefore
introducethenotionof toleranced equalities wherea strictequalityconstraintis translated
intoaweakerformwherethefinalgreynodesareall replacedbywhiteratherthanblackno-
des.Thisamountsto replacingeachequalityby two inequalitiescloseto eachother. Since
this might introducespurioussolutionsaroundthe fringesof the solutionspace,for each
equalityit mustbecarefullycheckedwhethertheeffectsof this tolerancingwill beacce-
ptableor not.
N-ary constraints (N f 2)

In manyrealisticproblems,theconstraintsarenotbinary, butn-ary. n R treesarecomple-
tely generalandcanrepresentconstraintsof anyarity. However, thecomplexityincreases
significantlywhenconstraintsof high arity arepresent.In theworstcase,thespacerequ-
irementsgrowexponentiallysincen-aryconstraintsarerepresentedby n F -trees.
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Figure 5. A total constraint between a pair of variables is constructed by superimposing the quadtree represen-
tations of all individual constraints among these variables.

In general,it is not possibleto find binaryconstraintswhich areequivalentto ann-ary
one. However, it is possibleto syntacticallytransformanarbitraryn-aryconstraintinto a
setof ternary equalitiesandinequalities.For example,the5-aryCSPwith oneconstraint,13@srteT? BNuwv�xqy�z|{} fwn , canbetranslatedinto a ternaryonewith threeconstraints:[ BA u13[ B�~k� ?�f�n , [ A 4�@gr�e , [ B 4\� uG� . Thus,aslongasrepresentingtheresultingequalities
by tolerancedequalitiesis acceptable,it is sufficienttosolvesystemsof ternaryconstraints.

In thispaper, aswell asin thesystemweimplementedusingthealgorithms,weonly treat
thecaseof binaryandternaryconstraints,representedby quad-andoctrees.
2 R -tree construction

Whenthereareseveralconstraintscurvesbetweenthesamesetof variables,the2R -tree
representingthetotalconstraintbetweenthemis constructedby first constructing2R trees
for eachconstraintcurvein isolation,andthemintersectingtheresultingtreesinto asingle
one.Thisispossiblesincetheinitial intervalfor thevariablesisfixedin thesamemannerfor
eachconstraint;thusthedecompositionoccursat identicalintervalsandcanbecombined
by logical operations.Givenanordering[N��� �<��� i�� � e �5�q�����q� , therule for determining
thefeasibilityof a nodeobtainedby intersectionis expressedas:

�q�C��� �T1Q� �C��� A���� �C��� BE?b45� � @�1 �q�C��� �T1Q� �C��� Aq?q9 �q�C��� �T1Q� �C��� BE?8? (1)

Constructingthe 2R -treerepresentationof a singleconstraintsonly requiresevaluating
constraintequationsatcertainpointsin thespace.Fordeterminingthetypeof a subregion
( � -dimensionalcube)createdin thedecomposition,threecaseshaveto bedistinguished:

i. if theconstraintcurvetraverses theregion,i.e. notall cornersfall onthesameside,the
regionis grey.

ii. if theconstraintcurveis contained in theregion,apre-processingphasemustbecarried
out in orderto split thecurveinto transversesegments.Therole of the preprocessing
phaseis to checkwhethera solutionexistswithin theinitial approximation.This task
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canbeachievedfor example,by carryingoutabinarysearchfor determiningadivision
which intersectsthe constraintcurve. The complexityof sucha numericalsearchis
reducedin practiceby thefact thatinitial domainsarethemostoftensetto reasonable
valuesandthata limited degreeof precisionis required.

iii. if theconstraintcurvepassesoutside of theregion,theregionis eitherwhite or black
dependingonwhichsideit falls, whichcanbetestedonanyof its corners.

For moredetailsabout2R -treeconstruction,we refer thereaderto (HaroudandFaltings,
1994)and(Sam-Haroud,1995).
Correctness of the representation

The 2R -tree representationof constraintsprovidestwo possibleapproximationsof the
actualsolutionspace� :

# theinnercontentapproximation,�g1���? , is givenby thewhitenodes(interiornodes)and
is entirelyenclosedwithin the solutionspace.Sinceall valueswithin ��1|��? arecon-
sistent,it is asound approximation.However, somesolutionsmaybemissingfromthis
representation.

# theclosestoutercontentapproximation,�G1|��? , is givenby theunionof thewhiteand
grey nodes(interior nodes  boundarynodes). This approximationis guaranteedto
containall solution,but it maybenot sound sincethegreynodescontaininconsistent
values.

With regardto equalities,rememberthat this methodonly allows tolerancedinequalities
andsoundnesswill only hold with respectto thesetolerances.

For the initial 2R -treerepresentationsof individual constraints,we canalwaysguaran-
teethat �g1���? and �G1|��? areascloseaspossibleto the actualsolutionregion. However,
constructingtotal constraintsandenforcingconsistencyinvolvescompositionandinterse-
ctionoperationsonconstraints.

Letting � A �h� B denotethesolutionspaceresultingfrom theintersectionof � A and � B .
We thenhavethefollowing Lemma(see(Sam-Haroud,1995)):

LEMMA 1 The inner content approximation is exact with respect to intersection:

�g1��:A<?j�¡�g1��jB�?:4��g1|�:A:�¢�jBE?
The outer content approximation may contain spurious nodes after intersection:

�G1|� A �t� B ?�£5�G1|� A ?����G1|� B ?
Proof. By definition,all pointsin a whitenodeareconsistent.A nodeis thereforewhite
in the�g1���? or �G1|��? representationof >LAk��>�B if andonly if it is alsowhitein the�g1���? and�G1|��? representationsof > A and > B . However, dueto imprecisionconsiderations,a node
computedby intersectioncanbegreyevenif it containsnosolution:
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For composition,it is possibleto showthat theprojectionof a constraintinto a higher-

dimensionalspaceis exactfor bothinnerandouterapproximations.Thus,wehavethat:

# the �g1|��? representationof total constraintsis exact,evenafterexecutingconsistency
algorithms.This meansthatit is bothsound(not containinganyspuriousinconsistent
values)aswell asmaximalin thesensethatthereis no largersound��1|��? approxima-
tion.

# the ��1���? representationcomputedby logicalcombinationof simultaneousconstraints
is completebut not soundwith respectto theminimalenclosingapproximation�G1|��?
— spuriousgreynodescanbecreatedby intersections.

4. Consistency algorithms using 2 § -trees

The2R -treeconstraintrepresentationallowsapplyingconsistencyalgorithmssuchasAC-3
(Davis,1987)for arc-consistency, PC-1 (Montanari,1974)andPC-2 (Mackworth,1977)
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for path-consistencyaswell astheir generalizationsfor higherdegreesof consistency. Al-
gorithmsfor computingak-consistentlabeling((Freuder, 1978),(Mackworth,1977),(Mon-
tanari,1974))computelabelsfor eachsubsetof k-1 variables.Eachlabel is computedso
thatit admitsonly valuecombinationsof the � r©¨ variableswhichareconsistentwith a le-
astonevaluein thelabelof ak z|ª variable,for anyk z|ª variable.In thealgorithmof Freuder
(Freuder,1978),thelabelfor thesetof variables@�A�9�@�BJ9�D�D�D�9<@ RE« A is computedastheinter-
section( � ) of anyexistingconstraintbetween@�A�9�@�BC9�D�D�D�9<@ RE« A andall induced constraints
involving thesevariablesandoneadditionalk-th variable.An inducedconstraintis given
by thecomposition ( ¬ ) of a pairof (k-1)-arylabels,eachof which involvesall but oneof
thek-1 variables@�A�9ED�D�9<@ RC« A , andoneadditionalvariable@ R . Compositioninvolvesexten-
dingthe(k-1)-aryconstraintsinto thek-dimensionalspacespannedby @�A�9ED�D­9�@ RC« A together
with @ R , intersectingtheresultingvolumes,andprojecting theintersectioninto thesubspace@�A�9�D�D�9�@ RJ« A . Figure6 illustratesthisprocessfor k=3.

Usingthe n R -treerepresentation,all threeoperatorscanbeimplementedusingpurelylo-
gical operations.Given the ordering [®��� �<�t� i�� � e �¯�q�°����� , rulesfor determiningthe
feasibilityof a nodeobtainedby oneof theseoperatorscanbeexpressedasfollows:

i. ���C��� �T13� �C��� A ��� �C��� B ?�4\� � @�1 �q�C��� �T1Q� �C��� A ?q9 �q�C��� �T13� �C��� B ?±?
ii. ���C��� �T13� �C��� A�¬�� �C��� BE?�4\� � @�1 �q�C��� �T1Q� �C��� Aq?q9 �q�C��� �T13� �C��� B�?±?
iii. �q�C��� �T1Q²�13� �C��� ?8?:4³�´���d1 ���C��� �T13� �C����µ ?8?

where � �C����µ areall nodeshaving ²¢1Q� �C��� ? asfacet.

Compositioncanbeimplementedby first extendingthe(k-1)-dimensionalconstraintsinto
k-dimensionalspaceandthenprojectingbacktheresultinto the(k-1)-dimensionalsubspa-
ces,asshownin Figure6. For example,therelaxationoperationrequiredby thearccon-
sistencyalgorithmAC-3 canbeimplementedasfollows:

¶g·µ­µ 4 ¶ µ­µ �¹¸ µ 1 ¶ µXº ¬ ¶ º±º ? (2)

andtheonefor thepathconsistencyalgorithmPC-2:

¶g·µ º 4 ¶ µXº � ¸ µXº 1 ¶ µ Rg¬ ¶ RER�¬ ¶ R º ? (3)

where
¶ U�» denotesthe2R -treerepresentationof aconstraintbetweenvariables@ and e , and� and ¬ denotesrespectivelyintersectionandcompositionof 2R -trees.We showin (Ha-

roudandFaltings,1994)thatPC-2computesa path-consistentnetworkrepresentationof
binaryCCSPsin ¼s13��½C[ Bq��� iC¾T13[N?8? where[ is thenumberof feasibilitynodesin thelargest
treeand � is thenumberof variables.We alsoproposein (Sam-Haroud,1995)a variantof
Cooper’sk-consistencyalgorithm(Cooper, 1989),adaptedto the n R -treerepresentationof
constraints.

It mayappearthat the n R -treerepresentationonly allowsa roughapproximationof the
constraints.However, all known propagationalgorithmsfor generalconstraintsinvolve
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numericalanalysistechniqueswith a finite precision.For example,theWaltz filtering al-
gorithmfor achieving2-consistency(arc-consistency),whoseperformancefor continuous
domainsis analyzedby Davis(Davis,1987),involvesfixed-pointiterationswhoseconver-
genceis notoriouslybad.In theexampleof arc-consistency, usingthe n R -treedecomposi-
tion amountsto replacingit by binarysearch,a muchmoreefficient technique.In general,
the n R -treerepresentationis anefficientandstablealternativeto analyticrepresentationsof
regionboundaries.
Complexity

Table 1. The number of nodes effectively computed while constructing a 2
"

-tree is generally smal-
ler by far than the worst case estimate.

Constraint k d Real Expected
# of nodes # of nodes¿ @ B u e B �mÀ ] 2 6 688 5461A8B »Á UHÂ y »�Â � ¨�] 2 6 340 5461

eK4\@ B 2 7 685 21845Ã�ÄTÅ 13Æ B rÇÆ A ?bf5] 2 7 1492 21845@�4\� Ã�ÄkÅ Æ 3 5 4740 37449eÈf5]�DX]TÉkÊk@Ër À D À ¨ � «�Ì @ B:u É�DXÍTÊ � «	Î @�½ 2 5 115 1365��46r�eËr¹Ï�DXÊkÍ � «�Ì 13]�D ]JÐ�¨E@�? A W Ì A 3 5 4117 37449@ � 13e u �k? A8Ñ ½ 3 5 2857 37449@Òf5n ~ À 13e u �T? 3 5 2787 37449@ � Å8Ó�Ô 13Æ�BÕr¹Æ:¨�? 3 4 988 4681@ � »Ö x 3 4 1107 4681@ � e u � 3 4 1072 4681

Thecomplexityof the n R -treebasedconsistencyalgorithmsdependson thenumberof
nodesof thehierarchicaldecompositions.In theworstcase,the2R -treeresultingfrom the
constructionprocedureis complete,i.e. all leaf nodeshavemaximalresolution.Letting �
bethemaximumdepthof recursivedivisions,thenumberof nodesin a n R -treeis givenby
thefollowing formula:×Ø

µ�Ù�Ú n R v
× « µ { 4 n R v × y A { r�¨n R r�¨ (4)

Hence,thenumberof nodesin a n R -treeis roughly in ¼È13n R�Û × ? in theworstcasewhere �
is thearity of treeand � themaximumgranularity. For practicalcases,� is givenby the
term Ü ~JÝ where Ü is themaximumdomainsize(thelargestintervalsizein ; , for a CCSP187:9<ÞL9<;�? ) and Ý the tightestintervalsizeacceptedfor variablesof 7 . In mostcases,the
measurementsgivenabovestronglyoverestimatethecomplexity. A morerealisticmeasure
shouldbedonein termsof thenumberof greynodesgenerated,sincetherecursivequar-
teringstopsassoonasa nodecolor is setto whiteor black. More precisely, we canshow
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thatthenumberof greynodesgeneratedwhile decomposinga regionis in ¼È1 � RC« A ? (Tani-
moto,1993)where � measurestheboundarysizeof therepresented� -dimensionalregion.
Whentheboundarydelimitssufficiently wide regions( f�f Ý R ), thenumberof greynodes
generatedis lessthan B Y8ß±àXáQâ�V�ã « AB Y « A by far. Table1 illustratesthispointonasampleof binary
andternaryconstraintsderivedfrom practicalproblems.

Notefinally thatTanimoto(Tanimoto,1993)hasshowntheinterestof n R -treesfor handling
aparticulartypeof continuousconstraints(spatialconstraints).Tanimoto’swork andours,
thoughcarriedout independentlywith differentobjectives,leadto relatedmethodologies.
This canbeseenasfavorablyillustratingtherelevanceof discretizedhierarchicaldecom-
positionfor designingreliablecontinuousconsistencytechniques.
Advantages of 2 R -trees

In comparisonwith with otherwaysof representingcontinuousconstraints,2R -treeshave
severaladvantageswhicharecrucialfor consistencyalgorithms:

1. Discretization prevents infinite looping: At eachrelaxationstepperformedbyconsistency
algorithmson n R -trees,theintervalscontainedin theinvolvedlabelsareconstructedby
an implicit binarysearch:eachsuccessiverelaxationsteprefinesthe intervalbounds
to anintervalhalf thesizeof thepreviousoneuntil maximumgranularityis reached.
Consequently, thedecompositioninto n R -treeshasthe importantadvantageof ruling
out infinite cycling of thepropagationalgorithmasobservedfor theWaltz algorithm
appliedto continuousdomains.While themajority of consistencyalgorithmsperform
unstablefixed point iterations,the binarysearchmethodusingthe n R -treedecompo-
sition guaranteesstability andconvergence.Themethodspresentedareconsequently
robustevenfor cyclic networks,explicit cyclesbeingeliminatedby thecomputationof
total constraints.

2. Numerical tools are required only for evaluating individual equations: thenumerical
handlingof simultaneoussetof constraintsis replacedby logicaloperatorson2R -trees.
The only numericaltools neededarethoseusedfor determiningthe colorsof nodes
duringthe2R -treesconstruction.

3. Distinguishing multiple � -consistent solutions does not increase the complexity of 2R -
treebasedconsistencytechniques:This is not thecaseusingstandardinterval-based
propagationtechniqueswhereeachintervalsplitgeneratesanewsub-CSPtobechecked
for consistencyseparately.

4. The precision of results can be improved deterministically: resultsarerefinedby incre-
asingtheresolutionparameterof the2R -treedecompositionandtheaccuracydoesnot
dependuponconvergenceguarantees,asit isoftenthecasewhenusingstandardnumerical-
basedtechniques.

Thesefeaturesprovideabasisfor designing� -consistencyalgorithmswhicharereliable
in termsof stability andconvergence,a questionmarginally addressedin theliteratureso
far.

The2R -treedecompositionof a continuousrelationimposesa uniform precisionon all
thevariablesit involves. Usingthis representationit is thereforesometimesnecessaryto



17

pursuethedecompositionprocessovercertainaxesof a relationmorefinely thanit is the-
oreticallynecessary. It would be interestingto studywhetheralternativestructures(such
as � × -trees),enablinga distinctprecisionfor eachindividual variable,lendthemselvesto
aneasyimplementationof the logical constraintcombinationoperatorsrequiredby con-
sistencytechniques.

Notefinally thattheway in which 2R -treerepresentationgroupslargegroupsof similar
nodesinto singlesonesis similar to the cross-productrepresentationof discreteconstra-
intsproposedby HubbeandFreuder(HubbeandFreuder, 1992).Both representationsare
interestingbecauseof theirability to focusonaggregatedsubsetsof dataratherthanonin-
dividualelements.

5. Reaching global consistency using convexity

Theconstraintrepresentationandconsistencyalgorithmswehavedescribedsofar in prin-
cipleallow computinglabelingsof anydegreeof consistency, but in theworstcasewould
still requireexponentialtime to doso. In thissecondpartof thepaper, we identify proper-
tiesof constraintswhichguaranteethatglobalconsistencyis equivalentto somedegreeof
localconsistency, thusallowingefficientalgorithms.Wefirst recallsomeresultsdeveloped
for convexdiscreteandtemporalconstraintsandshowtheirvalidity for binaryconvexcon-
tinuousCSPs.Section5.2showsthata certainpartialconvexityfeature,axis-convexity, is
sufficient for efficientcomputationof globalconsistency. Finally, in Sections5.3and 5.4,
weshowthat,contraryto thecaseof discreteconstraints,theseresultsaretractablygenera-
lizableto n-aryconstraints13�¡f5nk? in continuousdomains.A newconceptof consistency
called 13�C9��Lr^¨�? -relationalconsistencyis introducedthat leadsto polynomialtime algo-
rithmsfor computingglobally consistentlabelingsfor n-aryCCSPs.

5.1. Exploiting convexity for binary constraints

Forbinary constraintnetworks,it hasbeenobservedby Dechter, Meiri & Pearl(Dechteret
al., 1990)andvanBeek(vanBeek,1992)thatwhenconstraintsareconvex, apath-consistent
labellingis alsoglobally consistent.This resultfollows from Helly’s theorem(illustrated
in Figure7):

THEOREM 1 (HELLY) Let F be a finite family of at least � u ¨ convex sets in > F such that
every � u ¨ sets in F have a point in common. Then all the sets have a point in common.

Helly’stheoremcanbeappliedto showthatfor anyconsistentassignmentof � variables@�A�9<@�BC9ED�D­D�9�@�F , thereexistsa consistentvaluewhichcanbeassignedto @�F y A . A partialas-
signment@�A�4\äTAH9ED�D�D­9�@�Få4\äEF restricts@�F y A throughthe � constraints� 13@�AH9�@�F y A<?�9�D�D�D�9 � 1Q@�F�9�@�F y A<? .
Sincetheyareconvex,eachof theseconstraintswill restrict @�F y A to asingleinterval.Now
considera triple 13@ µ 9<@ º 9�@�F y A<?q9��±9QæKç¹¨TD­DX� . Pathconsistencymeansthat @ µ 9�@ º canonly be
assignedvaluessuchthatthereis at leastonevalueof @�F y A consistentwith both.Thisme-
ansthateverypair of intervalsrestricting@ F y A intersect.Thus,by Helly’s theorem,there
mustexistacommonintersectionof all theintervals,i.e. at leastonevaluefor @ F y A which
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Figure 7. Helly’s theorem in one dimension: if each interval is convex and if each pair of intervals has a non-null
intersection, then the whole set of intervals has a non-null common intersection (shaded interval)

is consistentwith all previousassignments,andconsequentlytheassignmentcanbeexten-
ded.We thushavethetheorem:

THEOREM 2 A binary constraint network which is convex and path-consistent is minimal
and decomposable.

Theconvexitypropertyis conservativewith respecttocomposition,intersectionandpro-
jectionof constraints.Hence,if a CCSPis convexits path-consistentcounterpartremains
so.Thefollowing a priori resultcanthereforebestatedfor convexCCSPs:

COROLLARY 1 Path-consistency computes the minimal and decomposable network repre-
sentation of any convex binary CCSP.

Becauseof the difficultiesof representingcontinuousconstraintsfor higherordercon-
sistencyalgorithms,theconvexitypropertyhassofar only beenappliedto temporalreaso-
ning,whereconstraintsareunit difference constraints of theform @ µ r¢@ ºÈê5� . This class
of constraintsis closedunderintersectionandcomposition,sothatpath-consistencyalgo-
rithmscanbeimplementeddirectly on this representation.Therepresentationtechniques
basedon n R -treeswegaveearlierallow implementingpath-consistencyalgorithmsfor con-
tinuousconstraintsof arbitraryform. Anotherproblemis that it maybedifficult to check
thatconstraintsarein fact convex.(Sam-Haroud,1995)showsa simplealgorithmfor re-
liably checkingconvexityof regionsrepresentedby n R -trees.

5.2. Partially convex binary CCSPs

Constraintconvexityis aratherstrongcondition,but it turnsout thatweakerformsof con-
vexity areoften sufficient to satisfy the conditionsof a globally consistentlabeling. In
fact, convexityhasto hold only in thedirectionfrom @ µ , ��çë¨TD­DX� to @�F y A . Calling this
one-directionalconvexityrow-convexity, VanBeekhasshownthefollowing Theoremfor
discretedomains(vanBeek,1992):
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Figure 8. Path-consistency is not always sufficient for determining inconsistencies in simply connected solution
spaces

THEOREM 3 (VAN BEEK) Let > be a path-consistent binary constraint network. If there
exists an ordering of the domains ;�A:D�DEDQ;KF of > such that the relations are row convex,
the network is minimal and globally consistent.

whererow-convexitymight requirereorderingof thevalueswithin thedomainsof each
variable.

Sincetheprojectionof anyconnectedconstraintregionontoanaxisyieldsasingleconvex
interval,onemight think thatsimpleconnectednessof theconsistentregionadmittedby a
constraintwouldbesufficientfor row-convexity. However, theexampleof Figure8 shows
anexamplewherethis is not true: it is path-consistent,all constraintsareconnected,but
the problemhasno solution. Choosing@ A 4ñä A , @ B 4òä B , @ ½ 4ñä ½ restricts@�¾ to the
intersectionof thethreeintervalsshownin Figure8. However, theseintervalsdonothave
a singleintersection,sincetheonein thecenteris not convexandthusdoesnotsatisfythe
conditionsof Helly’s theorem.

Thecorrectdefinitionof row-convexityfor thecontinuouscase,whichwecallx-convexity,
hasto ensureconvexityof anysubprojectionof a constraint:

Definition. axis-convexity
Let > be a binary relationdefinedby a setof algebraicor transcendentalconstraintson
variables@ A 9�@ B 9ED�D�D­9�@ µ . > is saidtobeaxis-convex with respectto @�R or 1Q@�RC? -convexif, for
anytwo points óJA and ó�B in > suchthatthesegmentóJA<óEB is parallelto @ R , óCA<óEB is entirely
containedin theregiondelimitedby > .

Notethataxis-convexityis lessrestrictivethanconvexity:convexityallows óJA and óEB to
bechosenwith no restrictionwhile axis-convexityrequireschoosingóCA and óEB within the
setof pointsbelongingto linesparallelto the @ axis. A convexregionis necessarilyaxis-
convexbuttheconverseis nottrue.A networkis saidtobeaxis-convexif all of its relations
areaxis-convex.



20

i
ô

j
õ

i
ô

j
õ

i
ô

j
õC

ö
1

C
ö

2
÷ 1C’

ö
C’
ö

2
÷

− A − − B − − C −

Figure 9. Figure -A- shows the polygonal solution space of a linear problem which is both ø­ù�ú - and øüûýú -convex
but not convex: it is monotone with respect to ù and û since its boundaries can be decomposed into two monotone
chains þ�` and þ�a (-b-), monotone with respect to i, or þ:ÿ` and þ:ÿa (-c-), monotone with respect to û .

LEMMA 2 Let > be a relation defined by a set of algebraic or transcendental constraints.> is 13@�RC? -convex if and only if any subprojection of > over the @�R axis yields a single convex
interval.

Proof: Apply Definition with óCA and ó�B beingtheintersectionpointsof theconstraintbo-
undarieswith theplaneidentifyingthesubprojection.

Monotone and functional relations are axis-convex

The 1Q@�? -convexitypropertysharesimportantsimilaritieswith thenotionof monotonicity
asdefinedin Euclideangeometry. Forpolygonalobjects,wehavethefollowing definitions.
A chain is definedasa setof verticesconnectedwith segmentsof lines. It is saidto be
monotonewith respectto astraightline l if aline orthogonalto l intersectsC in exactlyone
point. A simplepolygonis saidto bemonotoneif its boundariescanbedecomposedinto
two chainsmonotonewith respectto thesameline. Thesedefinitionscanbeextendedto
generalcurvesasfollows: a curve Þ of O B will besaidto bemonotonewith respectto a
straightline l, if a line orthogonalto l intersectsC in exactlyonepoint, anda region � ofO B will besaidmonotoneif its boundariescanbedecomposedinto two curvesmonotone
with respectto thesameline. This generalizeddefinitionof monotonicityis equivalentto
axis-convexity. A linearproblemfor whichthesolutionspaceis amonotonepolygonwith
respectto x is consequentlyaxis-convexwith respectto anyaxisorthogonalto x. Notethat
evenif axis-convexityholdsfor bothaxes,it is still weakerthanconvexity(seeFigure9).
Note that testingfor the monotonicityof a polygonwith respectto a line canbedonein¼È1��©? time,whereN is thenumberof edges.

As anotherexample,thesolutionspacesdefinedby functionsalsosatisfyaxis-convexity
properties:thecurvedefinedby a function @�AK4ëc�13@�B�? , functionalin @�B , is by definition
monotonewith respectto @�B and( @�A )-convex.

Directional axis-convexity

In the casewherea discretenetworkdoesnot satisfythe row-convexityproperty, van
Beek(vanBeek,1992)showsthatdirectional row-convexityisalreadysufficientfor backtrack-
freesolutions.In directionalrow-convexity,arelationmustberow-convexonlywith respect
to notyet instantiatedvariables.
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Similar resultsgeneralizeto the caseof axis-convexrelations. The following theorem
statesthatdirectionalaxis-convexityof thenetworkis sufficient to ensurethata solution
canbedeterminedwithoutbacktracking.

THEOREM 4 Let � be a path-consistent binary constraint network. If there exists an or-
dering of the variables @ A 9�DEDED3@ F such that each relation of �ë>NU���� U�� , ¨ ê æ ê � , is 1Q@ µ ? -
convex, then a consistent instantiation can be found without backtracking.

Proof: We denoteas ² µ� � > µXº theprojectionof thesliceof relation > µ º at @ º 4 ä º over
the @ µ axis. Thebacktrack-freeinstantiationalgorithmproposedby vanBeek(algorithm
instantiate in (vanBeek,1992))generalizesasfollows:

1. Choosea value äTA of @�A thatsatisfies>LA<A
2. For �
	 2 to � do

3. ä µ 	 choosea valuein � º�Ù A WXWXW µ « A 1 ² µ� � > µXº ?
where � denotesinterval intersection.Sinceall relationsareaxis-convexwith respectto
all non-instantiatedvariables,theconstrainttheyimposeonanyvariableto beinstantiated
in step3 aresingleintervals.By path-consistency, all pairsof theseintervalsintersectand
soHelly’stheoremguaranteesat leastonenon-emptyintervalwithin which thenewvalue
canbechosen.Thisprovidesaconstructiveproofof thetheorem.

Directionalrow-convexityimposesorderingconditionson both variablesandvariable
domains.SincediscreteCSPsdonothavethestrictly ordereddomainscharacterizingcon-
tinuousCSPs,thefact thata constraintnetworkis row-convexcansometimesbehidden.
This is obviouslynot thecasefor continuousCSPsconcerningaxis-convexity.

5.3. Convex ternary CCSPs

As shownearlier, N-ary CCSPscanbe translatedinto ternaryoneswithout lossof infor-
mation,sowewill only treatthecaseof ternaryconstraintshere.Thegeneralizationof the
resultson axis-convexityto the caseof ternarynetworksseemsstraightforwarda priori.
Similarly to the caseof binaryconstraints,a relation > betweenvariables@�A , @�B and @ ½
is called( @�R )-convexif, for anytwo points ó A and ó B in > suchthat thesegmentó A ó B is
parallelto the @�R -axis, ó A ó B is entirelycontainedin > .

In thecaseof ternaryconstraints,Helly’s theoremcanbeusedto provethedecomposa-
bility of theconstraintnetworkonly if eachpair of ternaryrelationshavea non-null (x)-
intersection.Indeed,building a proof analogousto the oneusedfor demonstratingThe-
orem2, requiresprovingstrongk-consistencyof thenetworkfor eachk. Given that the
networkis strongly(k-1)-consistent,thefollowing assertionmustthereforebesatisfied:

1��d13�±9Qæk?�ç P�¨k9EDED�D � r�¨JSH?q9�>L1�
 R 9�
 µ 9�
 º ? (5)

Verifyingassertion(5)amountstoshowingthattheintervalon @�R , 
 AR 4 ² UCY >K1Q@�R�9�
 µ VE9�
 º V�? ,
intersectstheintervalon @�R , 
 BR 4 ² U Y >L13@�R�9�
 µ Â 9�
 º Â ? , for anycombinationof � A 9<� B 9Qæ A 9
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Figure 10. Helly’s theorem in � a : if a finite set of binary convex regions is such that each triplet of regions has a
non-null intersection, then the whole set of regions has a non-null common intersection (shaded area)

and æ�B in P�¨bDEDED � r5¨CS . Eachsubsetof five variables13@ µ V�9<@ µ Â 9<@ º Vq9�@ º Â 9�@ R ? hastherefore
to beconsistent.Thisrequirementcorrespondsto thedefinitionof 5-consistency. Hence,a
possiblegeneralizationof Theorem2 is asfollows:

THEOREM 5 A ternary constraint network which is axis-convex and strongly 5-consistent
is minimal and decomposable.

Sinceall relationsin a convexnetworkarealsoaxis-convex,a similar resulthold for
convexproblems. Unfortunately, evenif theoreticallycorrect,this resulthasno signifi-
cantpracticalimpact. In analogyto thecaseof discreterow convexproblems,enforcing
5-consistencymay createadditionalconstraintsof arity four. This would meanthat the
constraintnetworkisnolongerternaryandwouldrequireevenhigherdegreesof consistency.
Toovercomethislimitationfor discreteCSPs,vanBeekandDechter(vanBeekandDechter,
1995)haveintroducedthenotionof relationalpath-consistencyfor discreteproblems.

A relationallypath-consistentnetwork(of arbitraryarity) is characterizedby thecondi-
tion thateverypair of relationshavingat leastonevariablein commonis nonempty. By
definition,relationalpath-consistencyguaranteesfor eachsetof relationshavingavariable@ in commonthat the pairwiseintersectionsof their unaryprojectionsover the @ axis is
non-empty. Helly’s theorembecomestherebyapplicable,which resultsin the following
theorem:

THEOREM 6 (VANBEEK & DECHTER) Let > be a network of relations that is relationally
path-consistent. If there exists an ordering of the domains ; A DEDED3; F of > such that the
relations are row convex, the network is globally consistent.

Theproblemwith this approachis thatenforcingrelationalpath-consistencymaypose
complexityproblems.In thecaseof ternarynetworksfor example,composingpairs of ter-
naryrelations(with avariablein common)resultsin arelationof arityfive. Relationalpath-
consistencyaimsat ensuringextensibilitypropertiesof anarbitrarysubsetof variablesto
a third single variable(unaryprojection).Sincearity five is inevitablefor ternaryconstra-
ints, it becomesnecessaryto guaranteethata setof four variablesis extensibleto a fifth
one,sothat therelationbetweenthefive variables(issuedfrom extended-composition)is



23

Procedure 3-2-rel-con(V,C,D)
repeat
changed 	 false
for each pair (u,v), u,v ç V do

for each ternary tuple (i,j,k), i,j,k ç V do
begin
c’(i,j,k) 	 c(i,j,k) � ² v µ � º � R { c(i,u,v) ¬ c(j,u,v) ¬

c(k,u,v)
if c’(i,j,k) �4 c(i,j,k) then

begin
c(i,j,k) 	 c’(i,j,k)
changed 	 true
end

end
until changed = false

Figure 11. Algorithm for computing a (3-2)-relationally consistent labeling.

notempty. Thismeansthatrelationalpath-consistencymustalsobeensuredfor relationsof
arity four —andrecurrently, for relationsof arbitraryarity. Thiscanresultin anintractable
complexityin themostgeneralcase.

Weshowin (Sam-Haroud,1995)thata tractablealternativegeneralizationcanbepropo-
sedin continuousdomains.This generalizationis basedon theobservationthattheexten-
sibility of a ternarysetof variablesto abinary region(ratherthanto anunary onelike pro-
posedin vanBeekandDechterapproach)doesnot involverelationswith arity greaterthan
3 andthusremovesthecausesfor thiscombinatorialexplosion.Thisapproachimpliesthat
Helly’stheoremmustbeappliedin two dimensionsratherthanone(seeFigure 10).

For thecaseof ternarynetworks,we introducethenotionof (3,2)-relationalconsistency
whichguaranteesthateachtriplet of relations, havingtwo variables in common, hasanon-
null intersection.

Definition. Let � beaternarynetworkof relationsoverasetof variablesX. Let >���V�13@ A 9 � 9�äk? ,>�� Â 13@ B 9 � 9�äk? and >����q1Q@ ½ 9 � 9�äk? bethreerelationsof � whichsharetwo variablesu andv,
whereu mightbeidenticalto v. >���V , >�� Â and >���� are(3,2)-relationallyconsistentrelative
to P � 9<ä S if andonly if anyconsistentinstantiationof the3 variablesin @�AE9<@�BC9�@ ½ hasan
extensionto P � 9<ä S thatsatisfies> � V , > � Â and > � � simultaneously.

Since(3,2)-relationalconsistencyonly imposesconstraintsbetweenatmostthreevariables,
a (3,2)-relationallyconsistentlabellingstill containsonly ternarylabelsandthusdoesnot
addto thearity of aternaryconstraintnetwork.Providedthateachbinaryprojectionis con-
vex, (3,2)-relationalconsistencyenablestheapplicationof Helly’s theoremin two dimen-
sions.However, Helly’s theoremonly guaranteesin theseconditionsthateachpair of va-
riables(binaryprojections)hasanon-emptydomain.Weprovein (Sam-Haroud,1995)that
this is sufficientto alsoguaranteethattheconstraintsinvolving individual variableswill be
non-empty.
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(3-2)-relationalconsistencycanbecomputedby thesimplealgorithmshownin Figure11.
It takesasinput a continuousCSP, � 4 1±7�9�ÞK9�;�? , where 7 is thesetof variables,Þ the
setof constraints,and ; is thesetof variabledomains.� denotesthelabelof a relationinÞ , andthealgorithmterminateswith a (3-2)-relationalconsistentsetof labels.

UsingHelly’stheoremin twodimensions,in (Sam-Haroud,1995)weprovethefollowing
result:

THEOREM 7 For any convex ternary network � , (3,2)-relational-consistency will either:

# decide that the network is inconsistent by generating an empty label, or

# compute an equivalent globally consistent labelling of �
in time ¼È1Q� Ì ? where � is the number of variables of � .

Sketch of proof.
Wefirstprovethatwhenappliedtoaternarynetwork� , thealgorithmfor (3,2)-relational-

consistencyresultsin an emptynetworkif a given pair of variableshasan emptylabel.
Next, in orderto showthatnon-emptylabelson eachpair of variablesimply globalcon-
sistency, we introducea dual network � × 187 × 9�Þ × 9�; × ? suchthat:
# 7 × 4 P�� A 9ED�DED�� M S . A variableof 7 × , � º , representsa pairof variablesin theoriginal

network(anelement1Q@ º � A 9�@ º � B ? of 7 B sothat @ v º � A { �4\@ v º � B { )# a domainin ; × is a combinationof two domainsin ;
# arelationbetweentwovariables,� } and� � , of 7 × is therelation>L13@ v } � A { 9�@ v } � B { 9<@ v � � A { 9�@ v � � B { ?

resultingfrom the intersectionof the relationsbetween@ v } � A { 9<@ v } � B { 9�@ v � � A { 9�@ v � � B { in
theoriginalproblem� .

The original anddual networksareshownto be equivalent(eachsolutionof the primal
correspondsto a solutionof thedualnetworkandviceversa).(3,2)-relationalconsistency
of theoriginal network � is thenshownto imply 4-consistencyof thedual network � × .
However, thedualnetworkis binary. Sinceits variablesarepointsin two dimensions,for
provingextensibilitywehaveto applyHelly’s theoremin two dimensions: since� × is 4-
consistent,theconstraintsimposedby anytriple of alreadyinstantiatedvariablesintersect
andthusthereis a non-emptycommonintersection.Sincethis guaranteesthatanypartial
solutionis extensible,� × is globally consistent.Sinceit is equivalentto � , the original
problemmustalsobegloballyconsistent.¦

5.4. Generalization of ���! -convexity

Directional (x,y)-convexity
Sofar, wehaveassumedfull convexityof theconstraintnetwork.Wenowexaminehow,

analogouslyto thecaseof binaryconstraints,a lessrestrictiveconvexityconditioncanbe
definedfor n-aryconstraints.Wefirstproposethefollowing generalizationof the 13@�? -convexity
property:
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Definition. 1Q@ A 9�DED�DQ@�RC? -Convexity
Let > beann-aryrelationbetween� variables@ A D�DEDQ@ F . > issaidtobe 1Q@ A 9�DEDED|@�Rk? -convex
in thedomains; A#" D�DEDQ;KUCY if, for anytwo points ó A and ó B in theregion � definedby > ,
suchthatthesegmentóJA<óEB is ona planeparallelto @�AjDED�D " @ R , óJAqó�B is entirelycontained
in �
Informally, this meansthata relationis 13@�A�9ED�DEDQ@ R ? -convexif anysubprojectionover the
subset13@�AH9ED�DED|@ R ? yieldsaconvex � -ary region.

In the proof of Theorem7, convexityof the constraintsis usedonly in the application
of Helly’stheoremto ensureextensibilityof partialsolutionsof thedualnetwork.Here,it
wouldbesufficient to haveconvexityholdonly in two of thethreedimensionsinvolvedin
theconstraint.Thus,wehavethefollowing theorem:

THEOREM 8 Let $ be a (3,2)-relationally consistent ternary constraint network. If there
exists an ordering of the variables @�A�9EDED�DQ@�F such that for any �89 æk9 �&% ¨ ê � � æ êm�Gê � ,>L13@ µ 9�@ º 9�@ R ? is 1Q@ º 9�@ R ? -convex, then the network is globally consistent and a consistent
instantiation can be found without backtracking.

Sketch of proof.
AccordingtoHelly’stheoremin twodimensions,thefactthateachternaryrelation>L13@ µ 9�@ º 9<@ R ?

is 1Q@ º 9<@ R ? -convexguaranteesthatthebinaryrelations>L13@ º 9<@ R ? derivedfrom theproblem
arenon-empty( >L1Q@ º 9�@ R ?b4'� º�( µ WXW R ² U�� >L13@ µ 9<@ º 9�@ R ? ). By construction,thesebinaryre-
lationsareconvexandhavenon-nullpairwiseintersections.Consequently, a similarargu-
mentastheonegivenfor theproof of theorem2 hold andinstantiationcanbecarriedout
backtrack-free

¦
.

Generalization to general r-ary CCSP
In thecaseof networksof arity � , thecompositionof twomaximalarityconstraintshaving

at leastonevariablein common,resultsin arelationof arity nk�Õr¹¨ . In analogyto thecase
of ternarynetworks,weobservethattheextensionof anr-arysetof variablesto aregionof
arity �Nr³¨ doesnot involve relationswith arity greaterthan � . To applyHelly’s theorem,
we mustintroducethe notionof (r,r-1)-relationalconsistencywhich guaranteesthateach
setof � relationshaving �Nrh¨ variablesin commonhasa non-nullintersection:

Definition. Let � beanetworkof relationsovera setof variablesX, of arity � . Let> � Vq13@�A�9�eTA�9ED­D�D�9�e�) « A8?�9�DED�DQ> ��* 1Q@+)k9�eTAC9�D�D�D�9<e�) « A8? be � relationsof � sharingther-1 variablesPHeTAC9ED�DEDQe�) « AES . The relationsare(r,r-1)-relationallyconsistentrelativeto the sharedva-
riablesif andonly if anyconsistentinstantiationof thevariablesin PC@�A�9ED�D�D­9�@,)�S hasanexten-
sion to PHeTAC9ED�DEDQe�) « AES that satisfiesall relationssimultaneously. The network � is rela-
tionally (r,r-1) consistentif andonly if all relationsare(r,r-1)-consistentwith respectto all
subsetsof sharedvariables.

Thefollowing resultcanthenbeproven(see(Sam-Haroud,1995)):

THEOREM 9 Let � be a constraint network of arity � at most, 1Q@ A 9ED�DEDQ@ ) « A ? -convex. If �
is (r,r-1)-relationally consistent then it is globally consistent.
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6. Relevance for practical applications

Wenowdiscusstherelevanceof theresultsof section5 for solvingpracticalCSPsin con-
tinuousdomains.Wefirst discuss,in termsof topologicalpropertiesof thesolutionspace,
thetheoreticalcomplexityof solvingCCSPs.Wethenpresenthowthesecomplexityissues
translatewhenconstraintsarerepresentedby 2R -trees.

6.1. A classification of CCSPs

A generalCCSPmayadmitno convexor axis-convexconstraintnetworkrepresentation.
Moreover, evenif theinitial problemis axis-convex,consistencyalgorithmsmaynot pre-
servethis propertysinceintersectingtwo non-convexregionsmayresultsin anarbitrary
numberof distinctsub-regions.For thesereasons,theresultof Theorems4, 8 is valid only
on thea posteriorinetworkscomputedby consistencyalgorithms.Concerningthea priori
networks,similar resultscanbe formulatedonly for the classesof problemswhereaxis-
convexityis closedundercompositionandintersectionof constraints.In orderto bounda
priori thecomplexityof solvingCCSPs,it is desirableto identify theclassesof problems
for which theaxis-convexitypropertyis closedunderintersectionandcomposition.

We candistinguishthreeclassesof CCSPs,asfollows:

i. CCSPswhereall therelationsdetermineconvexregions

ii. CCSPwhereeachrelationdetermininga non-pathconnected
solutionspaceconsistsof asetof convexregions.

iii. CCSPswherethereexistnon-convexregions

In problemsof classi, sincetheintersectionof two convexregionsis necessarilyconvex
(andhenceaxis-convex),consistencyalgorithmswill preservetheconvexityof theconstra-
int networkrepresentation.Hence,problemsof thisfirst categorycanbesolvedefficiently
usingpathconsistencyfollowed by backtrack-freeinstantiation.Problemsof classii re-
quireanadditionalsearchprocedurebut in generalarestill solvableefficiently. Problems
of classiii cancauseanexplosionof the numberof disjoint solutionregionsandremain
difficult to solve.
Search

A multi-convexCCSP(type ii) canbedecomposedinto convexsub-problems,onefor
eachpossiblecombinationof convexsub-region.We showin (Sam-Haroud,1995)that
solvinga multi-convexCCSPis NP-Hardin thenumberof disjoint convexregions.Ho-
wever, if thetaskconsistsof finding anyglobally consistentregionof thesolutionspace,
backtrackingalgorithmscanbeproposedasalternativesto thebruteforceenumerationpro-
cess. Similarly to the caseof temporalproblems(Dechteret al., 1990),a multi-convex
CCSP, C,canbetranslatedinto adiscreteCSPwherethevariablescorrespondto theedges
of C andthe valuesfor the variablesarethe n R -treeapproximationsof the relationcon-
vex subregions.Theassignment1-
 A 4 ¶ � �E� A 9ED�D 
 µ 4 ¶ � �E� µ ? is consistentif andonly
if thecorrespondingconvexCCSPis consistent.Sincethecomplexityof solvingconvex
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subproblemsis bounded(andpolynomial),moresophisticatedsearchschemescanbede-
signedthatincorporatelocalconsistencycheckingwith search.
Splitting

In problemsof typeiii, thesplittingproblem(similar to theonedescribedin (Hyv Zonen,
1992)mayoccurandthecomplexityisdifficult toestimate.In thebestcase,theconsistency
algorithmmaycreatea convexconstraintnetworkfrom a setof non-convexrelations.In
theworstcasehowever, theintersectionof eachpair of non-convexregionsmayresultin
anunboundednumberof disjointnewsub-regionswhichcanin turn split again.Practical
solutions(suchasstoppingthesplittingprocesswhenthemaximumprecisionis reached)
canbeusedto boundthecombinatorialexplosion,but in generalthecomplexityremains
high for CCSPsof typeiii.

6.2. 2 § -trees and convexity

Whilethe2R -treerepresentationof constraintspresentsmanyadvantagesin termsof expres-
siveness,simplicity andreliability, wehavenotyetconsideredthecrucialissueof whether
this representationpreservesthetopologicalpropertiesof theoriginal solutionspace(con-
nectivity, convexityetc...). Sincethe2R -treedecompositiongeneratesstepwiseapproxi-

− A − − B−

Figure 12. When the resolution in insufficient, a connected solution region can yield an empty (-A-) or a discon-
nected (-B-) .�ø0/	ú representation.

mationsof theboundaries,convexityis obviouslynotpreservedin thestrict mathematical
sense.Moreover, asshownin Figure12, whentheresolutionchosenis insufficient, situ-
ationsmayoccurwherea connectedsolutionspaceis representedby disconnectedor even
empty2R -treeregions.

Weshowin (Sam-Haroud,1995)thatthe2R -treerepresentationof anysolutionspace� :

# hasa connectedandnonempty��1|��? representationif it its smallestdiameteris at least
two timesthelimit of resolution,

# canyieldadisconnected��1|��? representationonly in thecasewhereits smallestdiame-
ter is lessthantwo timesthelimit of resolution.Moreover, a singleadditionallevelof
decompositionis thensufficient to maketherepresentationconnectedagain.

Hence,theonly risk thatpresentsitself whenrunningthepropagationalgorithmsusing
the2R -treerepresentationof convexconstraintsis therisk of disconnection.It occurswhen
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?X

?Y

Figure 13. A non-convex quadtree (left) decomposed into eight convex sub-quadtrees (right)

thesolutionof theCCSPfalls within thelimit of resolutionchosenfor the2R -treerepresen-
tationandis thereforerestrictedto limit cases.In themarginalcaseswhereadisconnection
occurs,it is thenpossibleeitherto resortto furtherrefinementsof thequadtreesor to neglect
thesolutionregionwithin thedisconnectedarea—consideringthat its identificationrequ-
iresaprecisionhavingnosignificancefor theapplication.Theproblemwill thenbestated
asnon-convex.

Solving non-convex problems

For a fixed precision,we showin (Sam-Haroud,1995)that2R -treesfor a generalCCSP
canalwaysbedecomposedinto convexones(seeFigure 13)andtheproblemcanthenbe
solvedbysearchtechniques,asthosesketchedoutfor multi-convexCSPs.However, in this
caseproblemswith insufficient resolutionlimits cannotbefixed by simply increasingthe
resolution,sincea higherresolutionmight requirea differentsubdivision.Thus,thereso-
lution complexityafterdecompositioncanonly beboundedwhentheprecisionrequiredis
fixedapriori. Thisconditionholdsfor almostall theengineeringapplicationsmanipulating
physicalentities,makingit possibleto applythemethodswehavedescribedto almostany
practicalengineeringproblem.

Checking for convexity and axis-convexity

Whenconstraintsareapproximatedusingquadtrees,weshowin (Sam-Haroud,1995)that
theaxis-convexitypropertycancheckedfor in ¼s11� ��� i ¾ 11�©? u n�2
3 Ñ�4 ? where� is thenum-
berof feasiblenodes,; U is thedomainsizeof variable @ (i.e. interval length)and Ý the
minimal interval lengthof @ in thequadtreedecomposition.Similarly, convexitycanbe
checkedfor in ¼È1Qn�� ��� i ¾ 11�¡? u n65 7 y A ? where� is thenumberof feasibilitynodes,; is the
maximaldomainsizein thequadtree(i.e. intervallength)and Ý theminimalintervallength
in thequadtreedecomposition(for afixedprecision,thiscomplexityis ¼È11� ��� i ¾ 1��©?8? . Si-
milarly, we showin (Sam-Haroud,1995)that the 13@�A�9�@�B�? -convexityproperty, usefulfor
solvingternaryproblems,canbecheckedfor in ¼È11� u � ��� i ¾ 11�¡?8? , for a fixedprecision.

Directional axis-convexity
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In (van BeekandDechter, 1995),van BeekandDechterproposean algorithmfor de-
termininga directionalrow-convexorderingfor discreteproblems.Thisalgorithmcanbe
directly mappedinto anequivalentonefor determininganaxis-convexordering.We pro-
posein (Sam-Haroud,1995)avariantof vanBeekandDechter’sorderingalgorithmhaving
a complexityof ¼s1813�98�� ��� i ¾ 11�©?±? where � is thenumberof variablesand � is thenum-
berof feasiblenodesin thequadtreeof maximalsize.In thecaseof ternaryconstraints,the
appropriatevariableorderingcanbederivedsimilarly to thecaseof axis-convexitywith a
complexityof ¼È13�&8C1�� u � ��� i ¾ 11�¡?8?8? for a fixedprecision(see(Sam-Haroud,1995)).

Comparison with the discrete case — 2 R -trees and backtrack-free search:

It isworthmentioningthattheresultsonn-aryconstraints(seesection5.3)arenotdirectly
transferableto discretedomains.Ensuringbacktrack-freesearchin ternaryconstraintsre-
quiresconvexityconditionstoholdin O B ratherthat O . Wehaveshownthat(3,2)-relational
consistencyis equivalentto globalconsistency, but thebacktrack-freeinstantiationmight
requirerefiningtheresolutionof differentvariables.This is possiblein continuousdoma-
ins,but notpossibleif weusea continuousdomainto representa discreteproblem.

Considerthe following examplewheretwo matricesrepresentingdiscreterelationsare
understoodasshowingconvexsolutionregions.Whenwe intersectthe two regions,the
resultis:

0         0
:
0         0

 1        0

0        1

0        1
:
1        0

i.e. theintersectionhasbeenlostasit is smallerthantheresolutionlimit. In acontinuous
problem,wecannowrefinetheresolutiontomakethisproblemgoaway, andcontinuewith
theinstantiation.But in adiscreteproblem,wedonothavethispossibilityasthemaximum
resolutionis fixed. A path-consistentlabelingdoesnot guaranteethatwe canin fact suc-
cessfullycompleteabacktrack-freeinstantiationwithoutneedfor increasingtheresolution,
andhencedoesnot guaranteeglobalconsistencyin a discreteproblemwherethis possibi-
lity doesnot exist. Thus,our resultscanunfortunatelynot improveon thecomplexityof
discreteconvexCSPs.

7. A practical example

Wenowsketchouthowtheintroductoryexampleof Figure1 is solvedusingourmethod.In
thisexample,four mainindependentvariables,beamdepth(;=< ), slabthickness(;=> ), beam
span(W)andbeamspacing(S)arelinkedtogetherthroughthefollowing non-linearconstra-
ints: ;=>�f ¨�Í�?�D@?k]�rÇÉkÊTÍkÍ�D­¨E] « ½BA u�ÀkÀ ¨T¨kD�¨�] «DC A B r¢ÉkÍ À É�¨E] « A Ú Ad½;=<mf Ð�¨kDXÍTÉkÍ

E ¨kD�¨
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Figure 14. Some octrees constructed for the steel structure problem
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Figure 15. Three constraints from the steel structure problem. The areas within the dashed lines are those removed
while enforcing global consistency
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X@X@> z is theshorttermlive loadwhichequalsto Ð � � ~Kc B and _#> equalsto n�¨�]k]T]k]K� ~Kcdc B
in thisexample.Traditionally,anengineerworksthroughtheseequationshierarchically;at
notimeis thecompletesolutionsetknown.Explorationof possiblesolutionsis donepoint
by point accordingto theexperienceof thedesigner. Usingour method,a largespaceof
potentialsolutionscanbemadeexplicit for thefirst time.

We startby transformingtheoriginalprobleminto a ternaryequivalentone:

� � 13Í�D�¨EÉ�D�¨�] «	Ì ; > u ]�DX]T] À Ð�? A; > f ¨�Í�?�D@?k]�rÇÉkÊTÍkÍ�D­¨E] « ½BA u�ÀkÀ ¨T¨kD�¨�] «DC A B r¢ÉkÍ À É�¨E] « A Ú Ad½G 4 � u Ï�D ÊTn�D�¨�] «	Ì 13]�DX]CÐ�¨�?eI³? A W Ì A J A; < f ]�D@?�? 1fGjDgI B ? Ú W ½ Î�N J;=<mf ]�DX]�¨EÊkÉ�1QÜkDgI ½ ? Ú W B C ½ Î
Figure14showstheoctreerepresentationconstructedfor eachrelation.Figure15shows

a setof constraintsderivedfrom theproblemafterglobal relaxation:theareaswithin the
dashedlinesarethoseremovedby (3,2)-relationalconsistency. The(3,2)-relationallycon-
sistentoctreesarenotconvexbut 13ÜT9<[L9<�h<q9-Gj9��h>q9 � ? is identifiedasadirectional(x,y)-convex
ordering.Thesolutionsof theproblemcanthereforebederivedbacktrack-free,whichmight
producefor examplethefollowing verydifferentinstantiations:
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solution 1:
-----------
?S = [1959.38 , 1981.25],
?W = [5953.12 , 6281.25],
?HB = [267.19 , 275.0],
?P = [18.28 , 19.38],
?HS = [120.31 , 125.0],
?U = (17.81 , 22.5)

solution 2:
-----------
?S = [1981.25 , 2003.12],
?W = [5953.12 , 6281.25],
?HB = [267.19 , 275.0],
?P = [18.28 , 19.38],
?HS = [120.31 , 125.0],
?U = [17.81, 22.5]
.................

This showsthat theproblemadmitsin fact a largespaceof potentialsolutions,of which
currentmathematicalmethodsonly find asingleoneat random.Thenewtool offersmany
newpossibilitiesfor optimizationwhichhavenotbeenexploredbefore.

A prototypeLisp implementationcalculatestheoctreesandenforcesglobalconsistency
for thisproblemin approximately1800secondsonaSiliconGraphicsIndigowith anR4000
processor.

8. Conclusions

Ourworkhasbeenmotivatedby theneedsof practicalengineeringproblems,wheredecision-
makingcanbenefitgreatlyfrom knowledgeof theglobally consistentrangesof variables.
It is surprisingthatamongthemanytoolsavailablefor solvingnumericalconstraints,very
few arecapableof addressingthis problemin a practicallyusefulway. In this paper, we
haveshowntwo majorresults,namelythat:

# an appropriaterepresentationof numericalconstraintsallows reliablealgorithmsfor
higherdegreeof consistencythanarc-consistency

# generalconditionscanbeidentifiedunderwhichglobalconsistencyis tractablefor con-
tinuousconstraintsatisfactionproblems.

This hasallowedsolutionsto manypracticalconstraintsatisfactionproblemswhich are
muchappreciatedby engineers.

Thereexista myriadof methodsfor constraintsolving,rangingfrom mathematicaland
operationsresearchtechniquesto intervalarithmeticandlocal consistencymethods.Due
to thedifficulty of dealingwith arbitrarynumericalconstraints,it is notsurprisingthatnone
of thesetechniquesprovidessatisfactorysolutionsin all cases:somemethodsaredesigned
to respondefficiently to theneedsof particularproblems,othersaremoregeneralbut less
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performing.Themethodweproposedis very general,but alsomakesa restrictiveassum-
ption. It is guaranteedto solveany continuousconstraintsatisfactionproblemaslongasan
acceptableresolutionlimit canbespecified.This restrictionis very differentfrom others,
butquitereadilysatisfiedin manypracticalproblems.

Note thatwhile the polynomialcomplexityboundsarevalid only undercertainconve-
xity conditions,thealgorithmis guaranteedto terminatewith thecorrectsolutionnomat-
terwhattheform of theconstraintsare.This is a significantimprovementovertraditional
interval-basedapproximationtechniqueswhichhandleconstraintsusingiterativenumeri-
calmethodsareinevitablyconfrontedwith convergenceandstabilityproblemswhichmake
terminationimpossibleto guarantee.Discretizationis thepricepaidfor thisguarantee,but
webelieveit is aoftena minimalprice.
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