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Graph Minors.
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Roughly, a graph has small “tree-width” if it can be constructed by piecing small
graphs together in a tree structure. Here we study the obstructions to the existence
of such a tree structure. We find, for instance:

(i) a minimax formula relating tree-width with the largest such obstructions
(ii) an association between such obstructions and large grid minors of the
graph )
) (iii) a “tree-decomposition” of the graph into pieces corresponding with the
obstructions.

These results will be of use in later papers.  © 1991 Academic Press, Inc.

1. TANGLES

Graphs in this paper are finite and undirected and may have loops or
multiple edges. The vertex- and edge-sets of a graph G are denoted by V(G)
and E(G). If G,=(V4, E,), G,=(V,, E,) are subgraphs of a graph G, we
denote the graphs (V,nV,, E,nE,) and (V,uV,, E,UE,) by G;nG,
and G, v G,, respectively. A separation of a graph G is a pair (G, G,) of
subgraphs with G, v G,=G and E(G;nG,)=, and the order of this
separation is | V(G| N G,)|.

It sonietimes happens with a graph G that for each separation (G,, G,)
of G of low order, we may view one of G, G, as the “main part” of G, in

* This work’ was performed under a consulting agreement with Bellcore.

153

0095-8956/91 $3.00

Copyright © 1991 by Academic Press, Inc.
All rights of reproduction in any form reserved.




154 ROBERTSON AND SEYMOUR

a consistent way. For example if G is drawn on a connected surface (not
a sphere) and every non-null-homotopic curve in the surface meets the
drawing many times, then it can be shown (see [5]) that for each low
order separation (G,,G,), exactly one of G,,G, contains a non-null-
homotopic circuit. As a second example, let A be a minor of G (defined
later), isomorphic to a large complete graph; then for each low order
separation (G,, G,) of G, exactly one of G,, G, has a subgraph corre-
sponding to a vertex of H. The object of this paper is to study such
“tangles,” as we call them, since they play a central role in future papers
of this series.

Many of our results about tangles extend easily to hypergraphs, and we
have expressed them in this generality. A hypergraph G consists of a set of
vertices V(G), a set of edges E(G), and an incidence relation; each edge may
or may not be incident with each vertex. If each edge is incident with either
one or two vertices, the hypergraph is a graph. All hypergraphs in this
paper are finite. A subhypergraph G’ of G is a hypergraph such that

(i) V(G)eV(G), E(G')S E(G)
(ii) for ee E(G') and ve ¥V(G), e is incident with v in G if and only
if ve V(G') and e is incident with v in G’

We write G’ = G if G’ is a subhypergraph of G. We define G, U G,, G, G,
for subhypergraphs G, G, of a hypergraph as for graphs, and a separation
of a hypergraph, and its order, are defined as for graphs. If G is a hyper-
graph and X < E(G), G\X is the subhypergraph G' with V{(G')=V(G),
E(G')=E(G)—X; while if X< V(G), G\X is the subhypergraph with
V(G')=V(G)— X and E(G’) the set of those edges of G incident with no
vertex in X. We sometimes abbreviate G\{x} to G\x, etc.

Let G be a hypergraph and let 8 = 1 be an integer. A tangle in G of order
0 is a set 7 of separations of G, each of order <0, such that

(i) for every separation (4, B) of G of order <6, one of (4, B),
(B, A)is in I

(ii) if (4,, By), (45, B,), (A5, B;)eJ then 4,0 A, UA;#G

(iii) if (4, B)e 7 then V(A4)# V(G).

We refer to these as the first, second, and third (tangle) axioms. Every
tangle 7 has order <|V(G)|, since (G, G\E(G)), (G\E(G), G)¢ 7. The
tangle number of G, denoted 0(G), is the maximum order of tangles in G
(or 0, if there are no tangles).

The main results of this paper are as follows:

(1) Tangle number is connected with “tree-width,” which was dis-
cussed in earlier papers of this series (for example, [3]); indeed, there is a
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minimax equation connecting the tangle number of a hypergraph and its
“branch-width,” which is an invariant very similar to tree-width and essen-
tially within a constant factor of tree-width.

(2) Despite our rather abstract definition of a tangle, there are in any
hypergraph G at most |V(G)| maximal tangles, and any other tangle is a
subset (a “truncation”) of one of these. Furthermore, there is a “tree-
decomposition” of G, the vertices of which correspond to these maximal
tangles.

(3) For 0>2, any minor isomorphic to a (#x#)-grid of a graph G
gives rise to a tangle in G of order 8, and conversely, for any 0> 2 there
exists N(0) = 0 such that for every tangle of order > N(f) in a graph G, its
truncation to order 6 is the tangle arising from some (6 x 8)-grid minor
of G.

(4) Finally, the main result of the paper. It is too technical to state
without a number of definitions, but roughly it enables us to gain
knowledge of the global structure of a hypergraph from a knowledge of its
structure relative to each tangle. This will be applied in [6].

2. SoME TANGLE LEMMAS

In this section we develop some easy results about tangles for later use.

(2.1) If 7 is a tangle and (A, BYe T then (B, A)¢ 7.
Proof. Since AuB=G, (B, A)¢ 7 by the second axiom. |

(22) If T is a tangle of order 8 and (A, B), (A',B)e T and (AU A,
B B') has order <8 then (AU A', BAnB)eT.

Proof. Now (BN B, AU A')¢ 7 by the second axiom, because (4, B),
(4,B)ed and AuA"U(BNB')=G. Thus (4w A, BAB)eJ by the
first axiom. |J

(23) If 9 has order 22 and (A, B,), (4,, B,), (A5, B;)e T then
E(4, 04,0 45)# E(G).

Proof. Suppose that there exist (4, B,), (4,, B,), (45, B;)eJ with
E(A4,0A4,0U A;)=E(G), and choose them with |V(A4,)] maximum. By the
second axiom, A, U 4, U A;# G, and so there is a vertex v of G in none of
V(A,), V(A,), V(A4;) and hence incident with no edge of G. Let X be the
hypergraph with V(K)= {v}, E(K)= . Then (K, G) has order 1 and by
the second axiom, (G, K)¢ .7 ; thus (K, G)e 7 by the first axiom, since I
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has order =2. Now (K, G\v) has order 0, and (G\v, K) ¢ .7 by the second
axiom, since (G\v)u K=G. Thus (K, G\v)eJ . But (Ku 4,, (G\v)n B))
has order at most the order of (4,, B;) and hence is in J by (22)
contrary to the maximality of [V(4,)|, as required. |

]

For an edge e of a hypergraph G, the ends of e are the vertices of ¢
incident with e, and the size of e is the number of ends of e.

(24) Let 0= 1, and let e be an edge of G with size 20. Let T be the
set of all separations (A, B) of G of order <0 with ee E(B). Then T is q
tangle of order 8.

Proof. The first two axioms are clear. For the third, let (4, B)e g
Then V(A n B) does not contain every end of e since |V(4 N B)| <8, and
yet e€ E(B), and so V(A)# V(G). This completes the proof. [

We remark

(2.5) G has a tangle if and only if V(G)# .

Proof. If ve V(G), let I be fhe set of all separations (4, B) of G of
order 0 with ve V(B). Then & is a tangle of order 1, as is easily seen.
Conversely, since every tangle has order <|V{(G)|, if G has a tangle then

Ve #a. 1
For graphs, we can extend (2.5) as follows.

(2.6) If G is a graph, the tangles in G of order 1 are in 1-1
correspondence with the connected components of G, and those of order 2 are
in 1-1 correspondence with the blocks of G which have a non-loop edge.

(A block of a graph is a maximal connected subgraph any two distinct
edges of which are in a circuit.)

Proof. Since we do not need the result, we merely sketch the proof. Any
ve V(G) yields a tangle of order | as in (2.5), and it is easy to see that
every tangle of order 1 arises this way, and distinct v, v’ € V(G) yield the
same tangle if and only if v and v are in the same component of G. For
order 2, any non-loop edge yields a tangle of order 2, by (2.4), and again,
it is easy to see that every order 2 tangle arises this way, and two edges
yield the same tangle if and only if they are in the same block. |

One might speculate that in a graph, the tangles of order d correspond
to the long-sought “d-connected components,” but that possibility is not
further explored here.
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Some further lemmas:

(2.7) Let T be a set of separations of a hypergraph G, each of order <0,
satisfying the first and second tangle axioms. Then I is a tangle if and only
if (K., G\e)e T for every ee€ E(G) of size <0, where K, is the hypergraph
formed by e and its ends.

Proof. If 7 is a tangle and ee E(G) then (G\e, K,)¢ J by the third
tangle axiom, since V(G\e)= V(G), and so (K,, G\e)e 7, as required. For
the converse, let J not be a tangle, and choose (A4, B)eZ with
V(A)Y=V(G) and with B minimal. By the second tangle axiom, 4 # G and
so E(B)#J; choose ee E(B). From the minimality of B, (AuK,,
B\e)¢ 7, and so (B\e, AUK,)e 7. Hence (K,, G\e)¢ 7 by the second
axiom, since (4, B)eJ and A u (B\e)u K,=G. But ¢ has size <0, since
every end of e is in V(A4 n B). The result follows. ||

Let J be a tangle in a hypergraph G. A separation (4, B)e 7 is extreme
if A/=A and B'=B for every (4, B')e J with A< A" and B’ <= B.

(2.8) Let I be a tangle of order 0 in a hypergraph G, and let (4, BYe I
be extreme. Then (A, B) has order 0 — 1. Moreover, if (B,, B,) is a separa-
tion of B, then either By An B and B,=B, or B, An B and B, =B, or
(By, B,) has order strictly greater than

min(| V(4 0 B,)|, [V(A N B,)]).

In particular, there is no separation (B,, B,) of B with B, B, non-null of
order 0, and there is no edge of B with all its ends in V(A).

Proof. By the third axiom there exists ve V(B)— V(4). Let K, be the
hypergraph with vertex set {v} and with no edges. From the extremity of
(4, B), (AVuK,, B)¢7, and (B, AUK,)¢ 7 by the second axiom, since
(4,B)e g and Avu B=G. Thus (4 U K,, B) has order >0, and so (4, B)
has order 8 — 1.

Let (B, B,) be a separation of B. If (4 B, B,)=(A, B) then B, < 4
and B,=B, and so we may assume that (4u B,, B,)# (4, B). From
the extremity of (4, B), (AU B,, B,)¢ .7, and similarly (4 U B,, B,)¢ 7.
Not both (B,, AuB,), (B;,AuB,)eJ, by the second axiom, since
AUB UB,=G, and without loss of generality we assume that
(B;, AU B,)¢ 7. Since (AU B,, B,)¢7 it follows that (4u B, B,) has
order > 0; that is,

\V(B, " By)| + V(AN B)— V(A B,)| =0=|V(AB) +1.

Hence |V(B, n B,)| > | V(A n B,)|, as required.
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It follows that there is no separation (B;, B,) of B of order 0 with B,, B,
non-null. Suppose that ee E(B) has all its ends in V(4). Let K, be the
hypergraph with edge set {e} and vertex set the set of ends of e; they
(K., B\e) is a separation of B. Now K, & 4 since e¢ E(4), and B\e ¢ 4
since V(A)# V(G), and so

[V(K. 0 (B\e))| >min(|V(A4 N K, )|, [V(A~(B\e))|).

But the left side is the number of ends of ¢, and so is the right side, a
contradiction. Thus there is no such.e. |

(29) Let I be a tangle of order 0 in a hypergraph G, and let
(A, B,)e T . Let (A,, B,) be a separation of order <0. If either

(i) V(B)SV(B,), or
(i) V(45) = V(A4,), or
(1) 60>2 and E(A,) < E(A,) (equivalently, E(B,)< E(B,))
then (A,, B,)e T
Proof.  Suppose not; then (B,, A,)eJ. Choose (4, B)e T, extreme,
with B,£ 4 and B<A4,. Then 4u A, # G by the second axiom. Since
AUB=Gand 4,U B, =G it follows that BZ 4, and B, & A.
Case 1. V(B,)< V(B,).

Then V(B,)< V(B,)<V(A4), and E(B ) E(B)= (), since from (2.8)
every edge of B has an end in V(G)—V(4)< V(G)— V(B,). Thus
E(B)= E{(4) and so B,= 4, a contradlctlon

Case 2. V(A,)=V(A4)).

Since (B,, 4,)€ 7 and (B, 4,) has order <0, and V(A4,)< V(4,), it
follows that (B,, A,)e 7, since the theorem holds in Case 1. But this
contradicts (2.1).

Case 3. 622 and E(4,)<S E(4)).

Since E(B)< E(A,)< E(A,) and B&Z A, there is a vertex v of B with
v¢ V(4,). Since E(B)< E(A,), it follows that v is incident with no edge of
B. By (2.8), V(B)= {v} and E(B)= &, and since V(4)# V(G), it follows
that V(4 n B)= . By (2.8) again, § =1, a contradiction. |

For future reference, we observe the following.

(2.10) Let T be a tangle of order =3 in a graph G, and let (A, BYe T
Then B has a circuit.

Proof. 1t :
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Proof. 1t suffices to prove the result when (4, B) is extreme. By (2.8),
|[AnB|>2; let v;, v,€ V(A N B) be distinct.

(1) There is no separation (B,,B,) of B of order <1 with
v, € V(B,)—V(B,) and v, e V(B,)— V(B,).

For such a separation would satisfy
min(| V(4 N By)|, |[V(4AnB,)|) =1

and B, B, # B, contrary to (2.8).

Moreover, from (2.8), v, and v, are not adjacent in B. From (1) and
Menger’s theorem, there are two paths of B between v, and v,, internally
disjoint, and hence B has a circuit, as required. |

3. A LEMMA ABOUT SUBMODULAR FUNCTIONS

Now we turn to our first main result, the minimax theorem relating
tangle number and branch-width. It is most convenient to prove a
generalization, which is a statement about submodular functions.

Let E be a finite set. A connectivity function on E is a function x from the
set of all subsets of E to the set of integers such that

(i) for XS E, k(X)=r(E— X)
(ii) for X, YSE, k(XU V) + k(X n Y)<k(X)+x(Y).

For instance, if G is a hypergraph and £ = E(G), we would let x(X) be the
number of vertices of G incident both with an edge in X and with an edge
in E— X; or if M is a matroid with rank function r and E — E(M), we could
let x(X)=r(X) + r(E - X).

A subset X< E is efficient if x(X)<0. A bias is a set & of efficient sets,
such that

(i) if X< E is efficient then % contains one of X, E— X
(i) if X, Y, Ze# then XUYUZAE.

A bias 7 is said to extend a set o7 of efficient sets if .7 = #. We are con-
cerned with the problem of, given .o7, when is there a bias extending .77

Let us describe an obstacle to the existence of such a bias. A tree is a
connected non-null graph with no circuits; its vertices of valency <1 are its
leaves. A tree is ternary if every vertex has valency 1 or 3. (Thus, ternary
trees have >2 leaves.) An incidence in a tree T is a pair (v, e), where
ve V(T), ee E(T), and e is incident with v. A tree-labelling over < is a pair
(T, &), where T is a ternary tree, and « is a function from the set of all
incidences in 7T to the set of efficient subsets of E, such that
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(i) for each ee E(T) with ends u, v, say, a(u, e)=E—o(v, e)
(ii) for each incidence (v,e) in T such that v is a leaf, either
(v, e)=E or a(v, e)u X =E for some Xe .o/
(iii)" if ve V(T) has valency 3, incident with ey, e,, 3, say, then
a(v, e,) v (v, e;) U a(v, e;) = E.

(3.1) If there is a bias extending < then there is no tree-labelling
over A .

Proof. Suppose that # is a bias extending </, and (7, o) is a tree-
labelling over .. An incidence (v, e) of T is passive if a(v, ¢) ¢ . For each
edge e with ends u, v, # contains exactly one of a(u, e), o(v, e) since they
are efficient complementary sets. Thus there are precisely |E(T)| passive
incidences. Since 7 has |E(T)| +1 vertices there is a vertex v of T in no
passive incidence; that is, o(v, e) € 4 for all edges e incident with v. If v has
valency 1 then by the definition of a tree-labelling, either o(v, e)=E or
a(v, e)u X = E for some X €./, in either case contrary to the definition of
a bias. Thus v has valency 3. Let e, e,, e; be the edges of T incident with
v; then

(v, e;)ua(v, o) va(v, e;)=E

by the definition of a tree-labelling, and yet each «(v, e;) € 4, contrary to
the definition of a bias, as required. |

The main result of this section is a converse of (3.1), in a strong form,
that if there is no bias extending ./, then there is an exact tree-labelling
over .o/. “Exact” is defined as follows. Let (7, o) be a tree-labelling over ..
A fork in T is an unordered pair {e,, e,} of distinct edges of 7 with a com-
mon end (the nub of the fork). A fork {e,, e,} with nub ¢ is exact (for o)
if a(t, e;)Naft,e,)= . We say that (T, a) is exact if every fork of T is
exact. We require the following lemma.

(3.2) If there is a tree-labelling over </ then there is an exact free-
labelling over </, using the same tree.

Proof. Choose a tree T such that there is a tree-labelling (7, o) over /.
Choose ¢, € V(T). For each te V(T) we denote by d(r) the number of edges
in the path of T between ¢, and ¢ Choose « satisfying (1), (2), and (3),
below.

(1) (T, a) is a tree-labelling over /.

(2)  Subject to (1), I x(a(v, €)) (summed over all incidences (v, e) of
T) is minimum.

(3)  Subject to (1) and (2), 3, 3™4Y) (summed over all non-exact forks,
where t is the nub of the fork) is minimum.

)
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. Proof. We pre
18 trivial, and so

L fis fas let £ ha
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