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Abstract

This paper presents GAC4, an optimal generalization
i the optimal discrete relaxation algorithm AC4. It is
siown that this generalization can be used for running
mih consistency in a complexity equal to the best con-
sistency algorithm already discovered, PC3. Experimen-
lations have been done on several constrained networks in
drder to compare behaviours of GAC4 and AC4. They
soint out that GAC4 runs as fast as AC4. If the network
ivnot ambiguous, then results from GAC4 and AC4 are
dmilar; else GA.C4 pruning is effectively better.

1 Introduction

Discrete relaxation was probably first introduced by
Waltz for interpreting polyhedral scenes with shadows
Wal75]. It is a general computational technique which
spreads out of computer vision applications to other do-
mains of artificial intelligence or data bases systems.
The generic use of this technique is related to the prop-
agation of comstraints through a network of hypothesis.
. Fach node of the network represents a given fact with
~sveral interpretations. Constraints on these nodes allow
. to discard some of them: for instance, if node 4 has in-
erpretation z then node j cannot be y. For this reason,
people usually say that relaxation is a tool for solving the
abelling problem that consists in finding the admissible
~“labels for each node when constraints on labels are added.
This problem contains the graph colouring problem -— la-
cls are then colours — and therefore is a NP-hard prob-
em;~ Discrete relaxation runs in polynomial time and
does not solve the problem completely. It produces only
alocally consistent solution.

The labelling problem can also be solved using contin-
. tious relaxation techniques [FB81]. They offer the advan-
tage of taking into account more fuzzy constraints and,
moreover, they produce a locally optimal solution. How-
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ever, the process of building a solution through this ap-
proach is hard to control: the user has to hope that the
various coefficients of the system are right balanced in or-
der to produce the right solution. On the other hand, dis-
crete relaxation handles only true/false constraints and
therefore allows full control on the result produced.

The algorithm AC3!, designed for discrete relaxation,
was presented in [MF85]. An optimal algorithm for the
same purpose, AC4, was presented one year later [MHS6].
Section 2 of this paper presents the algorithm GAC4
which extends AC4 to make it-handle n-ary constraints.
This algorithm is also optimal and section 3 explains how
it can be used to run path consistency [Mon74]. In the
worst case, its time complexity is the same as the one
of the best known algorithm, PC3. Section 4 provides
some experiments with AC4 and GAC4. At last, section
5 emphasizes how to extend this kind of algorithms to
make them suitable to networks having error nodes. It
presents also the way to run them on parallel computers.

2 Generalization of AC4

2.1 Some Definitions

The network has a.set N of n nodes i, j,... k. Each node
i has a set L; of at most m possible labels.. Constraints are
relations between labels and, usually, discrete relaxation
runs on binary constraints. If there is a constraint edge
between 7 and j, a relation R;; specifies the admissible
labels: if Ri;j(a,b) holds, label a for i and label & for j
are admissible.

In our case, the algorithm is extended to deal with
p-ary constraints. Instead of having binary constraints
on pairs of nodes which define the edges in a graph of
constraints, we have constraints on p nodes which define
the edges in a hypergraph of constraints. So a constraint
becomes a relation R;; r specifying the admissible labels

! Arc Consistency 3
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«@-Z-p constraint on labsls

ab - possible labels

Figure 1: an arc consistent network which is not (path)
consistent.

for the nodes 4,7,... k. We identify R;; . with the
subset of p-uples of labels from {i,7,... k} admissible
with respect to R; j,..k. 10 this way, a constraint R is a
set of p-uples ((4,a), (,8),... (k,c)). We assume that K
is the sum of the lengths of all admissible p-uples for all
coustraints R. A labelling is consistent iff:

Vie N,Va; € Li,Vj € N,3 a; € Lj suchthat VR; ;,
R4, ;j(ak,...a;) holds

This states only the fact that, for each labelling (¢, a),
it exists a label for all the other nodes such that all the
constraints are satisfied simultaneously.

A labelling i8 arc consistent iff:

Vi€ N,Va; € L;, YR, constraining ¢, Vj,... k,
Jdaj,... ap such that R;  r(aj,... a;) holds.

Of course, consistency implies local consistency, but
the converse is not true, as it is shown by fig. 1. This
network illustrates a simple example of graph colouring
which has obviously no solution. It is nevertheless con-
sistent when each node is examined locally.

2.2 Principle of GAC4

AC4 is an optimal algorithm for building the largest
locally - consistent subset of an initial labelling, but it
deals only with binary constraints. This is not.suffi-
cient to solve any kind of problem. For instance, in the
block world problem [Wal75), it was necessary to consider
ternary relations for constraining the admissible labels
(see fig. 2).

GAC4 stands for Generalized AC4, and it is designed
to solve the same kind of problems as AC4: to build the
largest subsets from the initial sets of possible labels so
as to constitute a locally consistent network. Both of the
algorithms work in-an optimal way, but GAC4 handles
p-ary relations. .

The process is founded on a recursive label pruning.
When a label ¢ has to be removed from the set I; of
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+ convex edge - concave edge — border edge

Figure 2: some possible labellings for a fork joint

possible labels for ¢, all the p-uples including the labs
have to be discarded. When a p-uple is discarded from
constraint R, it may happen that this p-uple was the ki
element of R which was supporting a particular label. %
this label has to disappear at his turn, and so on.

The correctness proof of this algorithm is obvious, ]
terminates because the number of labels and p-uples i
finite. By simple induction, it appears that each limg
a label is removed, it cannot be part of a solution. B
induction again, we state that a p-uple is discarded be
cause one of the labellings it includes cannot belong io+
solution. So the removed labels cannot belong to any s
lution, and the algorithm stops when it gets to a local
consistent solution. Here is an iterative version of thi
algorithm: ‘

Figure 3: a data stru

to all the S;, p which contair
simple data structure, illustrate
delete the node corresponding
are double-linked lists where ¢
puple. A p-uple P € R i3 the
gach S;q p such as (3,a) occu
these links designate in S; 4 p t
to the p-uple. This double lin]
in Siqr. In the example give
‘hes three elements (i@}, (4, b)
Siu,rs Sjp,r a0d Sk p have a
element of P is only a pointer $
more precisely to the element 3
link.

Building the initial data ha
iO{K). Let us suppose that th
ladmissible labels for all the hy
initial possible labels as well :
known. The initial step is ther

Let w_list be the list of labellings (7,a) that aredis
carded but not yet processed. Let S, p be the sel of -
uples from constraint R which include the labelling (i,

while w.list # ¢ do
choose one (i,a) in w_list ;
remove (¢, a) from w_list ;
for each hyper-edge R supporting (i,q) do
for each p-uple P € S;, p do
for each (j,b) € P do
remove P from 5;; p;
iij,b,R =@ andj €L,
then w.list — w.listU(j,0) ;
remove b from L; ;

Hfor each node ¢ do
initialize L; with the set of
for each hyper-edge R do
for each 7 constrained !
for each a € L; do
Sia R — emipty.di:
for each p-uple Pin
let R be the corre:
for each (j,b) € ]
~ insert a new Ic
Tink N to Py
link P to thep

The most inner loop consists essentially in performing
one removal of one element of a S, 5 linked with ih
considered p-uple. This one then disappears, The com
plexity of GAC4 is O(K) if all elementary operations cay
be performed in O(1) and if the complexity of buildin
the initial data structure is also at most O(K). This}
essentially a problem of implementation.

2.3 Implementing GAC4 wlist — empty_list ;

“for each (i, ¢, R) do

The only problem in the previous loop is related toth .
if 8; 0.0 = empty list

removal of a p-uple P. We need a direct access from P
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all the S;, p which contain P. When we get it, a
ple data structure, illustrated by fig. 3, allows then to
lete the node corresponding to P in Sj. r. All Si.r
double-linked lists where each node designates one
uple. A p-uple P € R is then just a list of p links to
h S;:y,p such as (i,a) occurs in P. More precisely,
ese links designate in S; 4 g the element which is linked
the p-uple. This double linking allows easy removals
Sizp: In the example given by fig. 3, the p-uple P
as three elements (i,a), (j,b) and (k,c). The three lists
wis Sip.p and Skc.p have a link pointing to P. Bach
ment of P is only a pointer to the corresponding S ¢,
ore precisely to the element which contains the reverse
k.

Building the initial data has also to be performed in
K). Let us suppose that the input data is the list of
missible labels for all the hyper-edges R, and that the
itial possible labels as well as all the hyper-edges are
wwn. The initial step is then:

of labellings (i,a) that are @is‘—'
ssed. Let S; .z be the set of p-
vhich include the labelling (7, a).

n wlist ;

 wlist ;

ige R supporting (4,0} do
le P e S,',a,R do

,b) € P do
P from Sj,'b,R ; r each node 7 do
=0 and j € Ly initialize L; with the set of a priori admissible labels ;

List — wlist U (4, ) ;

for each hyper-edge R do
move b from L; ;

for each i constrained by R do
for each ¢ € L; do
Sigr «— emptylist ;
for each p-uple P in the input do
let R be the corresponding hyper-edge ;
for each (j,b) € P do
insert a new node N in Sz p ;
link N to P ;
link P to the predecessor of N ;

onsists essentially in performing
nent of a S5, linked with the
one then disappears. The com-
) if all elementary operations can
nd if the complexity of bulldmg
¢ is also at most O(K). Thls :

1mplementat10n

- GAC4

¢ previous loop is related to the
We need a direct ‘access from P

Jist +— empty_list ;
br each (i, a, B) do
if Sig,p = empty.list

then w.list — wlist U (¢,a) ;
remove ¢ from L; ;

This step can even be optimized if all p-uples from each
hyper-edge R are grouped together in the input. After
a given R has been processed, all labels which were not
supported by R can already be deleted. So if a p-uple ‘
from an other constraint R’ includes this label, it has
not to be taken into account. This optimization reduces
further computation and saves memory space.

3 Path Consistency

Montanari has introduced a path consistency. condition -

restrained to binary constraints [Mon74]. This condition

is stronger than local consistency built by AC4, but is

not yet consistency. |
A labelling is path consistent iff:

Yi,j € N,Ya € L;,¥b € Lj, R;j(a,b) holds iff Yk € N,
3¢ € L such that Rii(e,c) and Ry (e, b) hold

Fig. 1 provides an example of an arc consistent network
which is not path consistent: In the case of complete net-
works where each edge is constrainted by each other edge, ;
Montanari has proved that each path could be labelled |
in a consistent way if the path consistency condition was
satisfied. We have presented a path: consistency algo-
rithm that runs in O(n®m?) in the worst case [MHS6].
Path consistency condition is essentially a condition on
triplets of nodes. ‘So it can be handled by GACH4, after a
simple transformation.

Let us build the network ‘N’ associated to N where
each label is a cotple (4, ) of nodes from N. The possible ‘
labellings are the pairs (a,b) with @ € L; and b € L;. The
mapping from N to N’ has obviously an inverse. On this
new network; we introduce the constraints R' on each
triplet of nodes using the constraint R from the initial
network: ' ‘

R(u)u ).k ,)((a B), (b, ¢), (e, @)} iff
Rij(a,b) and Rju(b,) and Ryi(c,0)

Then, we can prove that N-is path consistent iff N’ 1
is arc consistent for this ternary relation {Moh87). -As
the construction of N’ is reversible; it is easy to show by |
induction that pruning the labellings of N’ removes only
inconsistent labels from N. Therefore running GAC4 on
N' provides the correct result.

- The complexity of this path consistency algorithm is
linear in regard to the number of admissible triplets for

this new relation R. There are n® constraints that have
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Figure 4: shape of the test networks.

. at most m? admissible triplets: the complexity is still
O(n®m?). PC3 runs also in O(n®m?), but we cannot de-
rive that it is optimal on the basis of the previous result
and the fact that GAC4 is optimal. Path consistency
does not lead to the general case of ternary relations for
which. GAC4 would be optimal. So is PC3 optimal? re-
mains an open question. The only lower bound known
for path consistency is O(n?m?).

4 Experiments with GAC4
4.1 Randomly generated networks

A system for running GAC4, written in Le_Lisp and com-
piled, has been installed on a Sun 3-260 workstation in
order to test the speed of the algorithm and the guality
of the results for large networks. These ones were shaped
like rectangular grids of size m x n (fig: 4). Each node
was provided with a set of 10 possible labels. Each hor-
izontal and vertical pair of nodes was associated with a
fixed number of binary constraints that were randomly
generated. A constraint states the compatibility between
some label of a node of the pair and some label of the
other node. A special extra constraint was forced so that
at least one global solution was always available.

Some results are displayed in tables 1 and 2. Each test
has been performed on a grid of a particuliar size which is
indicated by the first column of the tables. A test includes
two parts that are noted ar2 and ar{ in the headers of
the tables. The first one consists in running GAC4 us-
ing the binary constraints while the second one consists
in_running GAC4 using 4-ary constraints. These con-
straints are computed by merging the binary constraints
associated with each group of 4 connex edges constitut-
ing a square in the grid. The second column of a table
gives the number of global solutions, i.e. the number of
labellings that are path consistent. It is computed from
the results of GAC4 by a’'simple.depth-first search algo-
rithm.

Table 1 shows the results of the experimients for net-
works with low ambiguity (10 2-uples randomly generated
for each edge): the number of global solutions is generally

654 - Vision

mxu | global initialization step ion step Ceu 4-2 1 H

{ label | mean ub | CPU time | Tabels | CPU time ] total time Ap plication to §

lings || p-uples | {: ds) leRt {seconda) {seconds)
w2 [ard | ar? | ard § ar2 [ard ard | a2 | ad TRIDENT is a System t]

2x%0] 72 | 3 | 2 |0.100]0.206 | 157 | 187 0.042 | 0.024 | 0.232 | 0230 . ‘
2x91] & | 3 | ¢ |0.19 (0204 | 164 164 0.046 | 0.024 | 0262 | 0.238 vironment for testing strat
2x92] 8 | 3| 2 |0:208 | 0.210 | 188 | 186 | 0.048 | 0.024 | 0.256 | 0054 three-di .
3x03| 12 | 3 | 2 |0.104]0.212 | 191|191 | 6,044 | 6.096 | 0.938 | 023 e-dlmensional scene ap
x94T 1 2 | 2 [0.192 ] 0.208 § 188 | 188 | 0.042 | 0.024 | 0234 [ 0.232 ifici :
3x85 | 16 | 3 | 2 | 0204 | 0.016 | 195 195 | 0.0 | 0.024 [ 0248 | 0240 mlﬁClaJ 3D data constructe
2x86| 12 |3 |2 |0.216 ] 0.216 | 196 | 106 | 0.046 | 0.021 | 0.265 | 0.240 eller. They are segmented

represent the input of the j;

The a priori knowledge a
nized is given through a hier
the objects by means of the
ble shape of an object js giv
binary constraints on the at
in the rule. The attributes r
o;dinates, colours, and so
-an example of rule for which
. constraints is displayed:

Table 1: GAC4 CPU processing times for networks with
low ambiguity (10 2-uples per edge).
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CPU time | total time )i
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a2 | ard

mxn | global initiajization step
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Table 2: GAC4 CPU processing times for netwg ‘
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ones. As real applications are the most.often
problems involving p-ary constraints for which
tialization step is not necessary, it appears;tha
suitable to these cases. Its propagation time
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pplication to Scene Interpretation

DENT is a system that was developed as an en-
ment for testing strategies in the frame of generic
mensional scene analysis [MMT85]. Scenes are
ial 3D data constructed with the help of 2 3D mod-
They are segmented into surfaces [MMB84] which
t the input of the interpretation process.

¢ a priori knowledge about the scenes to be recog-
is given through a hierarchical model that describes
ects by means of their constituents. Each possi-
lape of an object is given by a rule associated with
constraints on the attributes of the objects used
¢ rule. The attributes represent the dimensious, co-
ates, colours, and so on, of the objects. Here is
ample of rule for which only aset of representative
ints is displayed:

¢ 7 : DiningRoom — Chair* Table Shelves

: Lamp Picture®

o ; : Zmin(T'able) < Zmas(Chair)

1% BN colour(Lamp) € (white yellow,orange)
height( Picture) # width(Picture)

omains of all the attributes are predefined ranges
T80 % screte values. The step of discretization is chosen
EaEALl 57 | 5 the memory space for storing the domains is not
I L aErat endous.
56 657§ 0.111 ke interpretation process is inspired from-syntactic
psis. techniques and it mixes both of the bottom-
top-down approaches. However, the process is
boser than a syntactical analyzer, for it has to deal
oisy and occluded shapes. In fact, several analysis
ncirrently from different confidence islands. They
partial descriptions (trees) of the sceme that are
ively merged together. ’
il slong the interpretation, the consistency of the par-
seriptions is checked by running AC4. A network
uts the constraints introduced by the rules used
id up the partial descriptions. Each mode is a
liar attribute of a particuliar object, and it is la-
with the potential values the attribute can take.
ses represent the relations introduced by the con-
ti. AC4 is performed each time new constraints
ded to the network. While successive relaxations
dinconsistent values, the interpretation process is
iiled with more and more precise information about
mains of values of the attributes. This makes it
o predict the accurate shapes of the objects that
t yet identified. When a constraint involving an
proves to be inconsistent with the other ones, the
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interpretation process eliminates the object from its sets
of hypothesis.

5 Improvements
5.1 Dealing with Errors

If all labels disappear by mistake at some nodes and if the
network is connex, the pruning step will discard all the
labels of the other nodes. This event happens frequently
in applications related to domains such as computer vi-
sion where some noisy nodes have no interpretation. A
solution would be to allow a special extra label w to be
admissible with any other label of the connected nodes.
Noisy nodes can therefore be labelled with w without de-
stroying the whole network.

Unfortunately, this is not a solution: if each node had
such a label w, the pruning would not discard any label
at all, for each label would at least be admissible with
w. The true solution consists in making looser the con-
dition that specifies that all the constraints have to be
satisfied. Of course, the new condition depends on the
problem and on the kind of constraints. For example,
it would be something like that: constraint R; must al-
ways be satisfied, and a £ ratio of the set of constraints
including each label has to be satisfied. Dealing with
such a condition, or any kind of its variations, requires
only a slight modification of GAC4 (or AC4 if oaly bi-
nary constraints are used). Instead of considering each
individual constraint involved by each labelling (i, ), the
whole set of constraints is examined. For instance, if we
wish to have a -g— ratio of the constraints to be satisfied, it
requires only a counter indicating how many constraints
are still satisfied for each (i,a). Each time a constraint
is no longer satisfied, this counter is decremented. When
it falls below the fixed threshold labelling (i, @) has to
disappear.

This way of taking into account weaker conditions is
not equivalent to continuous relaxation [HZ80] [FB81]
that deals with probabilist labels and is therefore more
powerful. However, it has to be mentioned that the con-
vergence process is hard to control in continuous relax-
ation and leads sometimes to surprising results. On the
contrary, with the extension of GAC4, the user-gets a
full control of what is locally acceptable by weakening
the constraints. A label is then discarded only if these
weaker conditions are no longer satisfied.

5.2 Parallelization

(GAC4 can run on parallel processors on condition that
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conflicts are avoided when updating the data structure.
The easiest way to solve the problem consists in ensuring
that at most one hyper-edge is taken into account by
each processor at each time. If a particuliar hyper-edge
is handled by several processors at the same time, 2 test
of mutual exclusion has to be performed before pruning
any label and before deleting any element of a S; 4 g.

However, it is possible to build networks for which the
speed of arc consistency is not increased by runaing on
a parallel computer. In such networks, any deletion of
a label removes only one label among the neighbouring
nodes. The behaviour of the algorithm is then essentially
sequential. It has to be noticed that the potential paral-
lelism rate was high in all the examples shown in section
4.1. Ateach step, the stack was containing several tens of
removed labels that could have been processed in parallel.

6 Conclusion

The complexity of GAC4 has been evaluated by tak-
ing into account the number of positive constraints, i.e.
the number of admissible configurations on each edge or
hyper-edge. This is a good evaluation scheme because
in many applications, like the block world [Wal75] or
the chaining of amino acid in peptid :synthesis [Vil87),
the number of positive constraints is strongly lower than
all the possible grouping of labels. GAC4 has'a time
complexity linear in the size of these positive constraints.
Without changing its complexity, it can deal with unsat-
isfied constraints. ‘

Experiments with GAC4 and its binary version AC4
show that their run times are very low. Randomly gen-
erated data cmphasizes that both of them find an arc
consistent solution which is often the consistent solution,
when networks have low ambiguity. So it is not necessary
to use a more complex consistency condition like path
consistency. Path consistency solution can be computed
using GAC4 but, in this case, space and time complexity
are cubic in the size of the initial network. The algorithm
remains unusable for large networks.

“Building larger p-ary constraints by combining binary
constraints and running GAC4 on the resulting network
requires almost as much time as running directly AC4
on the initial network. The results are also quite similar
when the network is not ambiguous. However the pruning
-performed GAC4 on the new network is better when the
initial-network is largely ambiguous.
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