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OVERVIEW

• Constraint Satisfaction (Optimization) Problems

• Constraint (Logic) Programming
– �ODQJXDJH�DQG�WRROV

• AI Applications: modelling and solving
– 6FKHGXOLQJ���7LPHWDEOLQJ���5HVRXUFH�$OORFDWLRQ
– 5RXWLQJ
– 3DFNLQJ���&XWWLQJ
– *UDSKLFV���9LVLRQ
– 3ODQQLQJ

• Advantages and Limitations of CP: extensions
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CONSTRAINT SATISFACTION PROBLEMS

•  A CSP consists of:
–�D�VHW�RI�YDULDEOHV�(91, 92…9Q)
–�D�GLVFUHWH�GRPDLQ�('1,'2…'Q)�IRU�HDFK�YDULDEOH
–�D�VHW�RI�FRQVWUDLQWV�RQ�WKRVH�YDULDEOHV�- relations among variables
  which represent a subset of the Cartesian product of the domains
  '�['�[���['Q

�%LQDU\�FRQVWUDLQWV�DUH�SRVWHG�EHWZHHQ�FRXSOHV�RI�YDULDEOHV

6ROXWLRQ�RI�D�&63: an assignment of values to variables
consistent with problem constraints

(�7VDQJ��³)RXQGDWLRQV�RI�&RQVWUDLQW�6DWLVIDFWLRQ´
$FDGHPLF�3UHVV�������
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EXAMPLE: Map Coloring
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• Aim: find an assignments of colours to zones s.t. no
  two adjacent zones are coloured with the same colour

–�YDULDEOHV�9���9���9���9���9���]RQHV
–�GRPDLQV�'���'���'���'���'����>UHG��EOXH��JUHHQ��\HOORZ�SLQN@
–�FRQVWUDLQWV��QHDU�9L��9M��⇒�9L��≠�9M
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CONSTRAINT GRAPHS

• A CSP can be represented by a constraint graph:
–�YDULDEOHV�����������������QRGHV
–�FRQVWUDLQWV� ���������K\SHU��DUFV
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•)HDVLEOH�6ROXWLRQ�
•9�� �UHG
•9�� �JUHHQ
•9�� �EOXH
•9�� �\HOORZ
•9�� �SLQN
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CONSTRAINT OPTIMIZATION PROBLEMS

• A COP consists of:
–�D�VHW�RI�YDULDEOHV�(91, 92…9Q)
–�D�GLVFUHWH�GRPDLQ�('1,'2…'Q)�IRU�HDFK�YDULDEOH
–�D�VHW�RI�FRQVWUDLQWV�RQ�WKRVH�YDULDEOHV�- relations among variables
  which represent a subset of the Cartesian product of the domains
  '�['�[���['Q

–�DQ�REMHFWLYH�IXQFWLRQ�I�91, 92…9Q�)

6ROXWLRQ�RI�D�&23: an assignment of values to variables consistent
with problem constraints, which optimizes the objective function
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  MINIMIZING the number of colours used
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CONSTRAINT MODELLING

• �Properties of constraints
– 'HFODUDWLYH��LQYDULDQW��UHODWLRQV�DPRQJ�REMHFWV

• ;�!�<

– $GGLFWLYH��WKH�RUGHU�RI�LPSRVLWLRQ�GRHV�QRW�PDWWHU
• ;���<�� �=��;���<�! =

– 1RQ�GLUHFWLRQDO
• D�FRQVWUDLQW�EHWZHHQ�;�DQG�<�FDQ�EH�XVHG�WR�LQIHU�LQIRUPDWLRQ�RQ
<�JLYHQ�LQIRUPDWLRQ�RQ�;�DQG�YLFHYHUVD�

– 5DUHO\�LQGHSHQGHQW
• VKDUHG�YDULDEOHV�DV�FRPPXQLFDWLRQ�PHFKDQLVP

– ,QFUHPHQWDO�RSHUDWLRQDO�EHKDYLRXU
• HDFK�WLPH�QHZ�LQIRUPDWLRQ�DYDLODEOH��WKH�FRPSXWDWLRQ�GRHV
QRW�VWDUW�IURP�VFUDWFK
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CONSTRAINT SOLVING

• Enumeration: backtracking algorithms

–�$VVLJQ�D�WHQWDWLYH�YDOXH�DQG�WHVW�WKH�FRQVWUDLQWV
–�,QHIILFLHQF\�GXH�WR�WKH�GLPHQVLRQV�RI�WKH�VHDUFK�VSDFH
–�7UDVKLQJ

• Constraint Propagation algorithms

–�DLPHG�DW�UHGXFLQJ�WKH�VHDUFK�VSDFH
–�FRQVWUDLQW�SURSDJDWLRQ�DOJRULWKPV�$�35,25,�UHPRYH�FRPELQDWLRQV�RI
DVVLJQPHQWV�ZKLFK�FDQQRW�OHDG�WR�D�FRQVLVWHQW�VROXWLRQ
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BACKTRACKING ALGORITHMS

Intuitive way of solving CSP: backtracking algorithms

Trashing

9DU� �YDOXH�

IDLOXUHV

right choice

9DU� �YDOXH�
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PROPAGATION ALGORITHMS

IDLOXUH�GXH
WR�SURSDJDWLRQ

right choice

Propagation algorithms: avoid failures instead of
recovering from them

Based on the concept of consistency properties

9DU� �YDOXH� 9DU� �YDOXH�
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CONSISTENCY PROPERTIES
• NODE CONSISTENCY
–�D�QHWZRUN�LV�QRGH�FRQVLVWHQW�LI�LQ�HDFK�QRGH�GRPDLQ�HDFK�YDOXH
LV�FRQVLVWHQW�ZLWK�XQDU\�FRQVWUDLQWV

• ARC CONSISTENCY
–�D�QHWZRUN�LV�DUF�FRQVLVWHQW�LI�IRU�HDFK�DUF�FRQQHFWLQJ�YDULDEOHV�9L
DQG�9M�IRU�HDFK�YDOXH�LQ�WKH�GRPDLQ�RI�9L�WKHUH�H[LVWV�D�YDOXH�LQ�WKH
GRPDLQ�RI�9M�FRQVLVWHQW�ZLWK�ELQDU\�FRQVWUDLQWV

9� 9�
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>�����@ >�����@

9�����
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9� 9�
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1RGH�FRQVLVWHQW
$UF�FRQVLVWHQW
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ENFORCING CONSISTENCY PROPERTIES
• NODE CONSISTENCY: trivial

• ARC CONSISTENCY
–�0DQ\�DOJRULWKPV�SURSRVHG

–�$&����$&����$&����>0DFNZRUWK�$,-��������@��>0RQWDQDUL�,QI�6FL��������@�
$&���>0RKU��+HQGHUVRQ�$,-��������@��$&��>9DQ�+HQWHQU\FN��'HYLOOH�DQG�7HQJ�$,-�����
��@���AC6 >%HVVLHUH�$,-��������@��AC7 >%HVVLHUH��)UHXGHU��5HJLQ�$,-���������@
–�0DQ\�YDULDQWV��'$&�>'HWFKHU�3HDUO�,-&$,��@
 ��������������������������0$&�>%HVVLHUH��)UHXGHU��5HJLQ��,-&$,��@
–�Bound Consistency >9DQ�+HQWHQU\FN��6DUDVZDW��'HYLOOH�75�%URZQ��&6����������@
–�Complexity:�>0DFKZRUWK��)UHXGHU�$,-��������@��>0RKU��+HQGHUVRQ�$,-��������@�
>'HWFKHU�3HDUO�$,-���������@�>+DQ��/HH�$,-��������@��>&RRSHU�$,-���������@

• PATH CONSISTENCY
–�3&����3&���>0DFNZRUWK�$,-��������@
–�3&��>0RKU��+HQGHUVRQ�$,-��������@
–�3&��>+DQ��/HH�$,-��������@
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INCOMPLETENESS of CONSISTENCY
ALGORITHMS

• NODE, ARC and PATH CONSISTENCY are in general not COMPLETE
• complete for some problems with particular structures
 �>)UHXGHU�-$&0���������@��>)UHXGHU�-$&0���������@

• Complete algorithm: N-CONSISTENCY for N variable problems.
  Exponential complexity

 >)UHXGHU�&$&0���������@��>&RRSHU�$,-���������@

• Example:

9� 9�
>���@ >���@≠��

9�
≠��≠��

>���@

1RGH���$UF�FRQVLVWHQW�QHWZRUN
1R�IHDVLEOH�VROXWLRQV�H[LVW
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SEARCH NEEDED

• After propagation:
–�6ROXWLRQ�)RXQG
–�)DLOXUH
–�6HDUFK�VSDFH�WR�EH�H[SORUHG��GLYLGH�3UREOHP�3�LQWR�HDVLHU
VXE�SUREOHPV

• Exploring the search space
–�9DULDEOH�VHOHFWLRQ��ZKLFK�LV�WKH�QH[W�YDULDEOH�WR�DVVLJQ�"
–�9DOXH�VHOHFWLRQ��ZKLFK�YDOXH�WR�DVVLJQ�QH[W�"

• Search Strategies
–�6WDWLF�KHXULVWLFV
–�'\QDPLF�KHXULVWLFV

3

3�3� 3�
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SEARCH STRATEGIES: general criteria

• Variable Selection
–�)LUVW�)DLO���0RVW�&RQVWUDLQLQJ�3ULQFLSOH
–�6HOHFW�ILUVW�PRUH�³GLIILFXOW´�YDULDEOHV

• Value Selection
–�/HDVW�&RQVWUDLQLQJ�3ULQFLSOH
–�6HOHFW�ILUVW�PRUH�³SURPLVLQJ´�YDOXHV

• Problem dependent search strategies
–�%UDQFKLQJ�UXOHV�HQVXULQJ�WKDW�WKH�VHW�RI�UHVXOWLQJ
VXESUREOHPV�SDUWLWLRQV�WKH�RULJLQDO�SUREOHP�3



$,,$����7XWRULDO���%RORJQD�6HSWHPEHU��� ��

OVERVIEW

• Constraint Satisfaction (Optimization) Problems

• Constraint (Logic) Programming
– �ODQJXDJH�DQG�WRROV

• AI Applications: modelling and solving
– 6FKHGXOLQJ���7LPHWDEOLQJ���5HVRXUFH�$OORFDWLRQ
– 5RXWLQJ
– 3DFNLQJ���&XWWLQJ
– *UDSKLFV���9LVLRQ
– 3ODQQLQJ

• Advantages and Limitations of CP: extensions



$,,$����7XWRULDO���%RORJQD�6HSWHPEHU��� ��

CONSTRAINT (LOGIC) PROGRAMMING

• Aim: language for modelling and solving CSPs
and COPs

– �&RQVWUDLQW��EDVLF�ODQJXDJH�VWUXFWXUH
• GHFODUDWLYH�VHPDQWLFV

• QRWLRQ�RI�FRQVLVWHQF\�HQWDLOPHQW�RSWLPL]DWLRQ

• RSHUDWLRQDO�VHPDQWLFV��SURSDJDWLRQ�DOJRULWKPV

• LQFUHPHQWDOLW\

• HDFK�FRQVWUDLQW�FRQVLGHUHG�DV�D�VXE�SUREOHP

–6HDUFK�VWUDWHJLHV�HDVLO\�LPSOHPHQWDEOH
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CONSTRAINT PROGRAMMING
ORIGINS AND HISTORY

• �Earliest ideas: field of AI Constraint Satisfaction (‘60, ‘70)

– >0RQWDQDUL�,QI�6FL��������@��>:DOW]���@��FRQVWUDLQWV�DV�PDWULFHV

– 5()�$5)�>)LNHV�3K'���@��$/,&(�>/DXULHUH�$,-��������@��VLPSOH�EXW
SRZHUIXO�FRQVWUDLQW�ODQJXDJHV��&XVWRPL]HG�FRQVWUDLQW�VROYHUV

– (DUO\�DSSOLFDWLRQV��JUDSKLFV��6.(7&+3$'�>6XWKHUODQG��6SULQJ�-RLQW
&RPSXWHU�&RQI����@��7KLQJ/DE�>%RUQLQJ�$&0�7UDQV��3URJU��/DQJ�DQG�6\V�
��@���FLUFXLW�DQDO\VLV��(/�>6WDOOPDQ�6XVVPDQ�$,-������@�

– &21675$,176�>6WHHOV�3K'���@��>6XVVPDQ��6WHHOV�$,-��������@�ILUVW
H[SOLFLW�HIIRUW�RI�GHYHORSLQJ�D�FRQVWUDLQW�ODQJXDJH

– CLP >-DIIDU��/DVVH]�323/��@��>-DIIDU��0DKHU�-/3����������@�

 /RJLF�3URJUDPPLQJ�DV�&RQVWUDLQW�3URJUDPPLQJ

• XQLILFDWLRQ�DV�FRQVWUDLQW�VROYLQJ

• JHQHUDO�IUDPHZRUN�&/3�;�
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CONSTRAINT PROGRAMMING
ORIGINS AND HISTORY

• Constraint languages
– &/3�5��>-DIIDU�HW�DO��7UDQV��3URJU��/DQJ�DQG�6\V����@�
3URORJ�,,,�>&ROPHUDXHU�&$&0�������@��&+,3�>'LQFEDV�HW�DO���-,&6/3��@�
&/3�3%��>%RFNPD\HU�,&/3��@��(FOLSVH�>:DOODFH�HW�DO����@

• Concurrent constraint languages (‘90)
– >0DKHU�,&/3��@�HQWDLOPHQW�DV�WKH�KHDUW�RI�V\QFKURQLVDWLRQ�PHFKDQLVPV

– &RQFXUUHQW�&RQVWUDLQW�3URJUDPPLQJ�>6DUDVZDW�0,7�3UHVV���@

– 2]�>6PROND�/1&6��������@��$./�>&DUOVRQ��+DULGL��-DQVRQ�,&/3���@�
&,$2�>+HUPHQHJLOGR�HW�DO��33&3��@

• Other programming languages constraint-based extensions
– ,/2*�>3XJHW�63,&,6��@��>3XJHW��/HFRQWH�,/36��@��EDVHG�RQ�&��

– &+$50(�>%XOO�&RUSRUDWLRQ���@
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FINITE DOMAIN CP

• �One to one mapping with CSP concepts

• Problem modelling
– 9DULDEOHV�UDQJH�RQ�D�ILQLWH�GRPDLQ�RI�REMHFWV�RI�DUELWUDU\�W\SH

– &RQVWUDLQWV�DPRQJ�YDULDEOHV
• PDWKHPDWLFDO�FRQVWUDLQWV

• V\PEROLF�FRQVWUDLQWV

• Problem solving
– 3URSDJDWLRQ�DOJRULWKPV�HPEHGGHG�LQ�FRQVWUDLQWV

– $UF�FRQVLVWHQF\�DV�VWDQGDUG�SURSDJDWLRQ

– 0RUH�VRSKLVWLFDWHG�SURSDJDWLRQ�IRU�JOREDO�FRQVWUDLQWV

– 6HDUFK�VWUDWHJLHV
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CP: PROBLEM MODELLING

• ONE to ONE mapping between CSP (COP) concepts  and
CP syntactic structures

• A problem should be modelled in terms of
– Variables Problem entities
– Domains Possible Values
– Constraints Relations among variables
– Objective function (if any) Optimization Criteria
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CP: PROBLEM CONSTRAINTS

• Mathematical constraints: =, >, <, ≠, ≥, ≤
– Propagation: arc-consistency

• Symbolic Constraints >%HOGLFHDQX��&RQWHMHDQ��0DWK�&RPS�0RG����@

– Embed more powerful propagation algorithms
– More concise formulation

• alldifferent([X 1,...X m])

 all variables have different values
• element(N,[X 1,...X m],Value)

 the n-th element of the list should be equal to Value
• cumulative([S 1,...S m], [D 1,...D n], [R 1,...R n], L)

 used for capacity constraints 

• disjunctive constraints
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CP: PROBLEM MODELLING (Example)

• Map Colouring

• map_colouring([V1,V2,V3,V4,V5]):-

      V1::[red,green,yellow,blue,pink],

      V2::[red,green,yellow,blue,pink],

      V3::[red,green,yellow,blue,pink],

      V4::[red,green,yellow,blue,pink],

      V5::[red,green,yellow,blue,pink],

      V1 ≠V2, V1 ≠V3, V1 ≠V4, V1 ≠V5, V2 ≠V3,

      V2 ≠V4, V2 ≠V5, V3 ≠V4, V4 ≠V5,

      .....

  Or alternatively
      alldifferent([V1,V2,V3,V4]),

      alldifferent([V1,V2,V4,V5]).

variables & domains

constraints
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CP: PROBLEM SOLVING

• Notion of Consistency:
– Is the set of constraint consistent ?
– Does it exist a solution ?

• Constraint Propagation: inference mechanism
– Remove from domain inconsistent values
– Infer new constraints

• Search:  branching strategies
– Variable selection
– Value selection
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CP: CONSISTENCY - ENTAILMENT

• A set of constraint is CONSISTENT if it admits at least one solution

• COMPLETE solvers are able to decide if the set of constraint is
satisfiable (real numbers)

• INCOMPLETE solvers detect some form of inconsistency, but they are
not able to decide satisfiability (finite domains)

– the inconsistency is detected when one variable domain becomes empty

• A set of constraint C ENTAILS a constraint c if: C Ó c.       Some
solvers are based on entailment
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CONSTRAINT PROPAGATION

• Mathematical Constraints:
– Example 1

• X::[1..10], Y::[5..15], X>Y

Arc-consistency: for each value v of variable X, if a value for Y compatible with
constraints does not exists, v is deleted from the domain of X and vice versa.

• X::[6..10], Y::[5..9] after propagation

– Example 2
• X::[1..10], Y::[5..15], X=Y

• X::[5..10], Y::[5..10] after propagation

– Example 3
• X::[1..10], Y::[5..15], X ≠Y

• No propagation
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CONSTRAINT PROPAGATION

• Symbolic Constraints:

– Each Constraint has an associated propagation algorithm called
 ),/7(5,1*�$/*25,7+0

– Complex propagation algorithms using also Operations Research
techniques

– Propagation ends when a state of quiescence is reached: the
constraint graph is stable

– Incremental propagation
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CONSTRAINT PROPAGATION

• Symbolic Constraint: example 1
– DOOGLIIHUHQW�>;�����;Q@�

 all variables have different values

 Declaratively equivalent to a set of binary constraints
 DOOGLIIHUHQW�>;�����;Q@��↔�;��≠�;���;��≠�;��«��;Q���≠�;Q

 Operationally more powerful constraints

• ;���>�����@�;���>�����@�;���>�����@�;���>�������@�

• $UF�FRQVLVWHQF\��12�3523$*$7,21
• )LOWHULQJ�DOJRULWKP�>5HJLQ�$$$,��@��YDOXHV�������UHPRYHG�IURP�;�
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CONSTRAINT PROPAGATION

• Symbolic Constraint: example 1 (continues)
• ;���>�����@�;���>�����@�;���>�����@�;���>�������@�

• )LOWHULQJ�DOJRULWKP��YDOXHV�������UHPRYHG�IURP�;�

;�

;�

;�

;�

�

�

�

�

6HW�RI�YDULDEOHV�ZKRVH�FDUGLQDOLW\
LV���UDQJLQJ�RQ�WKH�VDPH�VHW�RI
YDOXHV�ZKRVH�FDUGLQDOLW\�LV��

;���>�������@
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CONSTRAINT PROPAGATION

• Symbolic Constraint: example 2
– HOHPHQW�1�>;�����;P@�9DOXH�

 the n-th element of the list should be equal to Value

• propagation from 1 to 9DOXH :

– 1 L��→ �;L� �9DOXH

• propagation from 9DOXH to 1 and ;L :

–  9DOXH �[ → 1 ��DQG�;� [�RU
 1 ��DQG�;� [�RU����
 1 P�DQG�;P [
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CONSTRAINT PROPAGATION

• Symbolic Constraint: disjunctive constraints
– suppose we have two different lessons to be given by the same

teacher. We have the starting times of the lessons: /�6WDUW and
/�6WDUW and their duration 'XUDWLRQ� and 'XUDWLRQ�.

– Clearly, the two lessons cannot be scheduled at the same time:
 /�6WDUW���'XUDWLRQ��≤�/�6WDUW

 25
 /�6WDUW���'XUDWLRQ��≤�/�6WDUW

– Two INDEPENDENT CSPs one for each size of the disjunction.
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CONSTRAINT PROPAGATION
• Symbolic Constraint: disjunctive constraints (2)

– Two INDEPENDENT CSPs one for each size of the disjunction: one
choice does not affect the other       Trashing

– Exponential number of problems:
• N disjunction 2N Problems

• Main source of complexity in real world problems

– Solutions:
• constructive disjunction >9DQ�+HQWHQU\FN��6DUDVZDW��'HYLOOH��75�%URZQ���@

• cardinality operator >3��9DQ�+HQWHQU\FN��<��'HYLOOH�,&/3��@
• meta-constraints >&DUOVRQ��+DULGL��-DQVRQ�,/36��@� >6PROND�/1&6��������@,
>/DPPD��0HOOR��0LODQR�-/3��@
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CONSTRUCTIVE DISJUNCTION

• 3��9DQ�+HQWHQU\FN��9��6DUDVZDW��<��'HYLOOH�

 'HVLJQ��,PSOHPHQWDWLRQ�DQG�(YDOXDWLRQ�RI�WKH�&RQVWUDLQW�/DQJXDJH�FF�)'��

 7HFK��5HS��%URZQ�8QLYHUVLW\��&6�������������

• Exploits the disjunction to prune the search space

• Idea: add to the store  constraints entailed by all possible alternatives

• Example: ;��>�����@��<��>�����@��=��>�����@���= ;�25�= <�
– = ;�would reduce the domain of =�to�>�����@

– = ;�would reduce the domain of =�to�>�����@

– result of the constructive disjunction:�=��>�����@
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CARDINALITY OPERATOR

• Symbolic Constraint: cardinality operator

– ��O�X�>F��«�FQ@� holds ⇔ the number N of constraints FL�(�≤L≤Q)
                                               satisfiable is not less than O and no more
                                               than X

– How to model disjunctive constraints with the cardinality operator

 ������>/�6WDUW�'XUDWLRQ��≤�/�6WDUW��/�6WDUW�'XUDWLRQ��≤�/�6WDUW@�
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META-CONSTRAINTS

• Symbolic Constraint: meta-constraints
– Reified Constraints: each constraint is associated to a boolean variable
%. If % � the constraint holds, if % � the constraint does not.

– F�⇔ %

– How to model disjunctive constraints with reified constraint

 %����>���@��%���>���@�

 /�6WDUW�'XUDWLRQ��≤�/�6WDUW�⇔ %��
 /�6WDUW�'XUDWLRQ��≤�/�6WDUW�⇔ %��
 %����%�� ��
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CONSTRAINT PROPAGATION

• Symbolic Constraint: example 3
– FXPXODWLYH�>6�����6P@��>'�����'Q@��>5�����5Q@��/�

• 6�����6P are starting times (domain variables)

• '�����'Q are durations (domain variables)
• 5�����5Q are required resources (domain variables)

• / resource capacity limit (also time variant)

• Given the interval [min,max] where min = PLQi�{6L}, max = max{6L�'L} - 1, the
cumulative constraint ensures that

/`5PD[^
_

≤∑
+≤≤ ' M6 ML6 MM

L
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CONSTRAINT PROPAGATION

• Symbolic Constraint: example 3 (continues)
– FXPXODWLYH�>�����@�>�����@�>�����@���

resources

time

L

1

2 3

1 2 3 4 5 6 7

1

2

3
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CONSTRAINT PROPAGATION

• Symbolic Constraint: example 3 (continues)
– a propagation example used in the resource constraint is that

based on the REOLJDWRU\�SDUWV

�

�����

S min

S max

Obligatory part
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CONSTRAINT PROPAGATION

• Symbolic Constraint: example 3 (continues)
– another propagation example used in the resource constraint is

that based on the HGJH�ILQGLQJ�>%DSWLVWH��/H�3DSH��1XLMWHQ��,-&$,��@

Consider a unary resource and three activities.

�

� ��

��

�

�

�
�

��

S1

S2

S3
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CONSTRAINT PROPAGATION

• Symbolic Constraint: example 3 (continues)

S1

S2

S3

We can deduce that earliest start time of S1 is 8.

This is based on the fact that S1 must be scheduled after S2 and S3.

*OREDO�UHDVRQLQJ: suppose either S2 or S3 is scheduled after S1. Then the
maximum of the completion times of S2 and S3 is at least 13 (out of the domain
of S2 and S3).

�

� ��

��

�

�

�
�

��
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CONSTRAINT PROPAGATION

• Global reasoning: example 3 (continues)

%DVLF�7KHRUHP��>&DUOLHU��3LQVRQ��0DQ�6FL���@

Let o be an activity and S a set of activities all to be scheduled on the same
unary resource (o not in S). The earliest start time is e, the sum of durations
is D and the latest completion time C. If

e(S+{o}) + D(S+{o}) > C(S)

then no schedule exists in which o precedes any of the operations in S. This
implies that the earliest start time of o can be set to

max {e(S’) + D(S’)}.
(S’ ⊆ S)
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CONSTRAINTS: general remarks

• Symbolic Constraints are available in most CP tools

• Local vs. Global reasoning         powerful propagation
• Local vs. Global reasoning         computational effort

• Generalization of frequently found constraints

• Concise and easily understandable code

• Symbolic constraints represent independent subproblems (relaxations
of the original problem)

Tradeoff
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• Interact each other through shared variables in the constraint store

• Trigger propagation each time an event is raised on one variable X
– a change in the domain of X
– a change in the range of the domain of X

– assignment of variable X to a value

INTERACTIONS AMONG CONSTRAINTS

Variables & Domains

;���>������@
;���>�����@
;���>�������@
���
;Q��>���������@

DOOGLII�>;�����;N@� HOHPHQW�1�>;��;�@���

DOOGLII�>;�����;Q@�
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• In general each variable is involved in many constraints.
Consequently, each change in variable domains as a result of
propagation may result in further propagations to other variables.

• Constraints agents view: during their lifetime they alternate between
suspended and waking states (triggered by events).

• ([DPSOH�

INTERACTIONS AMONG CONSTRAINTS

;��>����@��
<��>����@��
=��>����@

;� �<����

<� �=����

;� �=����
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INTERACTIONS AMONG CONSTRAINTS

;��>����@��
<��>����@��
=��>����@

;� �<����

<� �=����

;� �=����

• First propagation of ;� �<�����yields to

;��>����@�
<��>����@�
=��>����@

;� �<�����is 
suspended
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INTERACTIONS AMONG CONSTRAINTS

• Second propagation of <� �=�����yields to

;��>����@�
<��>����@�
=��>����@

<� �=�����is 
suspended

• The domain of < has changed ;� �<�����LV�DZDNHQHG

;��>����@�
<��>����@�
=��>����@

;� �<�����is 
suspended
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INTERACTIONS AMONG CONSTRAINTS

• Third propagation of =� �;�����yields to

• The order in which constraints are considered (delayed and
awakened) does not affect the propagation results, BUT can affect
the performances of the algorithm.

)$,/85(�GHWHFWHG;��>@�
<��>����@�
=��>����@
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• Cumulative constraint on different examples

• Scheduling (1):��Tasks A1, A2, A3 sharing the same resource with
limited capacity. Duration on X and Resource use on Y

CONSTRAINTS: GENERAL STRUCTURES

7LPH

&DSDFLW\

/

�

A1

A2
A3

duration
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• Cumulative constraint on different examples

• Scheduling (2):��/LPLWHG�QXPEHU�RI�UHVRXUFHV�SHU�GD\� �1�� Day on X
and Resource number used on Y

           (No matter where they are located within the day)

CONSTRAINTS: GENERAL STRUCTURES

7LPH

&DSDFLW\

1

�

A1

A2

A3

1st day 2nd day
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• Cumulative constraint on different examples

• Packing:��%R[�ZKRVH�GLPHQVLRQV�DUH�0�[�1��3LHFHV�WR�EH�SDFNHG�
 

CONSTRAINTS: GENERAL STRUCTURES

;

<

1

�

A1

A2

A3

0



$,,$����7XWRULDO���%RORJQD�6HSWHPEHU��� ��

• Propagation is in general not complete: inconsistent values are left in
domains

• Redundant constraints can be useful for reducing the search space
even if they introduce some overhead (treadeoff).

• A redundant constraint C is one which is already entailed by other
constraints {C1…Ck}, but this entailment is not found by the constraint
solver due to its incomplete nature.

REDUNDANT CONSTRAINTS
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• Example: Magic sequence
• Given a set of n+1 variables  X0,…,Xn. Each Xi should respect the

following constraints:
– 0 appears X0 times in the solution

– 1 appears X1 times
– …

– n appears Xn times.

• PDJLFBVHTXHQFH�>;��«�;Q@���
 ;��«�;Q���>���Q@�
 H[DFWO\�;��>;��«�;Q@�����
 H[DFWO\�;��>;��«�;Q@�����
 ����
 H[DFWO\�;Q�>;��«�;Q@��Q��
 ���

REDUNDANT CONSTRAINTS (2)
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• Redundant constraint: note that the sum of all variables multiplied by
their value (index) is equal to the number of cells in the sequence.
Thus, variables satisfy the constraint:

• ;����;���«��1;Q� �1����

• PDJLFBVHTXHQFH�>;��«�;Q@���
 ;��«�;Q���>���Q@�
 H[DFWO\�;��>;��«�;Q@�����
 H[DFWO\�;��>;��«�;Q@�����
 ����
 H[DFWO\�;Q�>;��«�;Q@��Q��
 ;����;���«��1;Q� �1�����
 ���

REDUNDANT CONSTRAINTS (3)
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• Propagation is, in general, not complete. After propagation:
– Solution found stop
– Failure detected backtracking

– Domains contain some values SEARCH

• SEARCH: Basic idea
– Divide the problem into subproblems and solve them independently
– Subproblems must partition the original problem

• AIM: maintain the search space as small as possible
– conventionally, left branches are explored first.

SEARCH
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SEARCH

P

PnP4…..P3P2P1

Branching Strategy
GUESS

• Branching strategies define the way of partitioning the problem P into
easier subproblems P1, P2, …, Pn.

• To each subproblem: apply again propagation. New branches can be
pruned thanks to the new information derived from the branching.
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SEARCH

• Most popular branching in CP: ODEHOOLQJ

• LABELLING:
– Select one VARIABLE
– Select one VALUE in its domain

– Assign the VALUE to the VARIABLE

• The order in which variables and values are chosen (i.e., the
search strategy) greatly affects the performances of the search
algorithm.

• Find good strategies
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SEARCH STRATEGIES: GENERAL CRITERIA

• VARIABLE CHOICE: more difficult variables first
– FIRST FAIL: select first the variable with the smallest domain
– MOST CONSTRAINING PRINCIPLE: select first the variable

involved in the greatest number of constraints

– HYBRID APPROACH: combination of the two

• VALUE CHOICE: more promising values first
– LEAST CONSTRAINING PRINCIPLE.

• PROBLEM DEPENDENT STRATEGIES
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SEARCH STRATEGIES: HOW TO CHOOSE

• Given the variety of problems, there do not exist definitive rules
for choosing the best strategy

• CRITERIA: the sooner the search strategy prunes branches of
the search space, the more efficiently it works

• PARAMETERS to be taken into account:
– computational time

– number of failures
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CP: PROBLEM MODELLING (Example)

• Map Colouring: complete code

• map_colouring([V1,V2,V3,V4,V5]):-

      V1::[red,green,yellow,blue,pink],

      V2::[red,green,yellow,blue,pink],

      V3::[red,green,yellow,blue,pink],

      V4::[red,green,yellow,blue,pink],

      V5::[red,green,yellow,blue,pink],

      V1 ≠V2, V1 ≠V3, V1 ≠V4, V1 ≠V5, V2 ≠V3,

      V2 ≠V4, V2 ≠V5, V3 ≠V4, V4 ≠V5,

      labelling([V1,V2,V3,V4,V5]).

 

variables & domains

constraints

search



$,,$����7XWRULDO���%RORJQD�6HSWHPEHU��� ��

SEARCH SPACE

P
�9���>UHG�JUHHQ�\HOORZ�EOXH�SLQN@��

�����9���>UHG�JUHHQ�\HOORZ�EOXH�SLQN@��
�����9���>UHG�JUHHQ�\HOORZ�EOXH�SLQN@��
�����9���>UHG�JUHHQ�\HOORZ�EOXH�SLQN@�
�����9���>UHG�JUHHQ�\HOORZ�EOXH�SLQN@�

9� UHG
�9���>JUHHQ�\HOORZ�EOXH�SLQN@��

���9���>JUHHQ�\HOORZ�EOXH�SLQN@��
���9���>JUHHQ�\HOORZ�EOXH�SLQN@�
���9���>JUHHQ�\HOORZ�EOXH�SLQN@�

9� JUHHQ
9���>\HOORZ�EOXH�SLQN@��
9���>\HOORZ�EOXH�SLQN@�
9���>\HOORZ�EOXH�SLQN@�

9� \HOORZ

9���>EOXH�SLQN@�
9���>\HOORZ�EOXH�SLQN@�

9� EOXH

9���>\HOORZ�SLQN@�

9� \HOORZ 9� SLQN

9� SLQN

9���>\HOORZ�EOXH@�

««««««

««««««

««««««
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OPTIMIZATION

• In some applications, we are not interested in a feasible solution
but in the OPTIMAL solution according to a given criterion

• ENUMERATION  inefficient
– find all feasible solutions
– chose the best one

• Constraint Programming tools in general embed a simple form
of Branch and Bound

– each time a solution is found whose cost is C*, impose a constraint
on the remaining search tree, stating that further solutions (whose
cost is C) should be better than the best one found so far

 &���&
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OPTIMIZATION

• Operations Research (OR) has a long tradition in optimization
problems.

• OR Branch & Bound methods are based on the optimal solution
of a relaxation of the original problem         BOUND

– relaxation: same problem with some constraints relaxed

• Trend: embed OR techniques in CP for improving the
performances of the search algorithm
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CONSTRAINT PROGRAMMING  TOOLS

– CLP(R) >-DIIDU�HW�DO��7UDQV��3URJU��/DQJ�DQG�6\V����@�
– Prolog III >&ROPHUDXHU�&$&0�������@,
– CHIP >'LQFEDV�HW�DO���-,&6/3��@�
– CLP(PB) >%RFNPD\HU�,&/3��@,
– Eclipse >:DOODFH�HW�DO���@� Conjunto >*HUYHW��&RQVWUDLQWV�������@

– 2]�>6PROND�-/3���@�

– $./�>&DUOVRQ��6�+DULGL��6�-DQVRQ�,/36��@�

– &,$2�>+HUPHQHJLOGR�HW�DO��33&3��@

– ,/2*�>3XJHW�63,&,6��@��>3XJHW��/HFRQWH�,/36��@

– &+$50(�>%XOO�&RUSRUDWLRQ���@

– PDQ\�RWKHUV«««�
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OVERVIEW

• Constraint Satisfaction (Optimization) Problems

• Constraint (Logic) Programming
– �ODQJXDJH�DQG�WRROV

• AI Applications: modelling and solving
– 6FKHGXOLQJ���7LPHWDEOLQJ���5HVRXUFH�$OORFDWLRQ
– 5RXWLQJ
– 3DFNLQJ���&XWWLQJ
– *UDSKLFV���9LVLRQ
– 3ODQQLQJ

• Advantages and Limitations of CP: extensions
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AI APPLICATIONS: MODELLING and SOLVING

• We will focus on Constraint Programming on finite domains

• For each application, we will present a problem description, the
CP modelling and solving part.

• Applications discussed:
– 6FKHGXOLQJ���7LPHWDEOLQJ���5HVRXUFH�$OORFDWLRQ
– 5RXWLQJ
– 3DFNLQJ���&XWWLQJ

– *UDSKLFV���9LVLRQ
– 3ODQQLQJ

optimization

feasibility
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SCHEDULING - TIMETABLING -
RESOURCE ALLOCATION

• Three applications with analogous features/constraints:
– we will focus on scheduling. Same considerations for timetabling

and resource allocation (easier problem)

• Scheduling is probably one of the most successful applications
of CP to date

– flexibility
– generality

– easy code

• NP-complete problem studied by the AI community since 80s
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SCHEDULING: problem definition

• Scheduling concerns the assignment of limited resources
(machines, money, personnel) to activities (project phases,
manufacturing, lessons) over time

• Constraints
– temporal restrictions

• ordering among activities

• due dates - release dates

– resource capacity
• different types of resources

• consumable/renewable resources

• Optimization Criteria
• makespan

• resource balance
• lateness on due dates

• resource assignment cost



$,,$����7XWRULDO���%RORJQD�6HSWHPEHU��� ��

SCHEDULING: Activities

• Decision variables:
– Activity start times
– Activity end times

– Activity resource assignments

– Alternative activities (alternative routing)

• Activity types:
– interval activity: cannot be interrupted

– breakable activity: can be interrupted by breaks

– preemptable activity: can be interrupted by other activities
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SCHEDULING: Resources

• Resource types:
– 1. Unary resources
– 2. Discrete resources

– 3. State  resources

– 4. Energy resources
– 5. Stock

7LPH

&DSDFLW\

�

�

&DSDFLW\

7LPH

1.

2.

:KLWH 5HG %ODFN2II

7LPH

3.

7LPH

0DQ�KUV

6WDWH

4.

5.
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SCHEDULING: Simple Example

• 6 activities: each activity described by a predicate
 WDVN�1$0(�'85$7,21�/,67RI35(&(',1*7$6.6�0$&+,1(��
 

 task(j1,3,[],m1).

 task(j2,8,[],m1).

 task(j3,8,[j4,j5],m1).

 task(j4,6,[],m2).

 task(j5,3,[j1],m2).

 task(j6,4,[j1],m2).

• Machines are unary resources.

• A maximum ending time End is required.
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SCHEDULING: Simple Example
 VFKHGXOH�'DWD��(QG��7DNV/LVW���
 ����PDNH7DVN9DULDEOHV�'DWD�(QG�7DVN/LVW��
 ����SUHFHGHQFH�'DWD��7DVN/LVW��
 ����PDFKLQHV�'DWD��7DVN/LVW��
 ����PLQLPL]H�ODEHO7DVNV�7DVN/LVW��(QG��

 PDNH7DVN9DULDEOHV�>@�B�>@��
 PDNH7DVN9DULDEOHV�>WDVN�1�'�B�B�_7@�(QG�>6WDUW_9DU@���
 ����6WDUW��>���(QG�'@�
 ����PDNH7DVN9DULDEOHV�7�(QG�9DU��

 SUHFHGHQFH�>WDVN�1�B�3UHF�B�_7@��>6WDUW_9DU@���
 ���VHOHFWBSUHFHGLQJBWDVNV�3UHF�7�9DU�3UHF9DUV�3UHF'XUDWLRQV��
 ���LPSRVHBFRQVWUDLQWV�6WDUW�3UHF9DUV�3UHF'XUDWLRQV��
 ���SUHFHGHQFH�7�9DU��

 LPSRVHBFRQVWUDLQWV�B�>@�>@��
 LPSRVHBFRQVWUDLQWV�6WDUW�>9DU_2WKHU@�>'XU_2WKHU'XU@���
 ���9DU���'XU�� �6WDUW
 ���LPSRVHBFRQVWUDLQWV�6WDUW�2WKHU�2WKHU'XU��
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SCHEDULING: Simple Example

 PDFKLQHV�'DWD��7DVN/LVW���
 ���WDVNVBVKDULQJBUHVRXUFH�'DWD�7DVN/LVW�6DPH5HVRXUFH�'XUDWLRQV��
 ���LPSRVHBFXPXODWLYH�6DPH5HVRXUFH�'XUDWLRQV�8VH��

 LPSRVHBFXPXODWLYH�>@�>@�B��
 LPSRVHBFXPXODWLYH�>/LVW6DPH5HV_/65@�>'XU_'@�>8VH_8@���

 FXPXODWLYH�/LVW6DPH5HV�'XU�8VH����
 LPSRVHBFXPXODWLYH�/65�'�8��

 ODEHO7DVNV�>@��
 ODEHO7DVNV�>7DVN_2WKHU@���
 ����LQGRPDLQ�7DVN��
 ����ODEHO7DVNV�2WKHU��

FXPXODWLYH�>6WDUW��6WDUW��6WDUW�@�>�����@�>�����@���

FXPXODWLYH�>6WDUW��6WDUW��6WDUW�@�>�����@�>�����@���

results in
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SCHEDULING: Optimal Solution

7LPH

7LPH

P�

P�

M� M� M�

M� M� M�

� �� ��

� �
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SCHEDULING: Optimality

• PLQLPL]H: finds the optimal solution (simple Branch & Bound)

• Minimization of the makespan: an heuristic which always selects
the task which can be assigned first and assigns to the task the
minimal bound is in general a good heuristics. As a choice point,
delay the task.
 ODEHO7DVNV�>@��
ODEHO7DVNV�7DVN/LVW���
����ILQGBPLQBVWDUW�7DVN/LVW�)LUVW�0LQ6WDUW�2WKHUV��
����ODEHOBHDUOLHVW�7DVN/LVW�)LUVW�0LQ6WDUW�2WKHUV��
����
ODEHOBHDUOLHVW�7DVN/LVW�)LUVW�0LQ�2WKHUV������VFKHGXOH�WKH�WDVN
����)LUVW� �0LQ�
����ODEHO7DVNV�2WKHUV��
ODEHOBHDUOLHVW�7DVN/LVW�)LUVW�0LQ�2WKHUV������GHOD\�WKH�WDVN
����)LUVW�≠�0LQ�
����ODEHO7DVNV�7DVN/LVW��
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TIMETABLING: problem definition

• Timetabling concerns the definitions of agenda (similar to
scheduling)

• Constraints
– temporal restrictions

• ordering among activities
• due dates - release dates

– resource capacity
• discrete resources

• Optimization Criteria
• cost/preferences

• resource balance
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TIMETABLING: simple example

• 4-Hours Slots - 1 to 4 Hours Courses
• Two courses cannot overlap
• A course must be contained in a single slot
• Preferences are associated with

– Course-Slot assignments

– Maximize Sum of preferences
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TIMETABLING: code with redundant constraints

WLPHWDEOH�'DWD�7DVNV�0D[7LPH�&RVWV���
GHILQHBYDULDEOHBVWDUW�7DVNV�0D[7LPH��
GHILQHBYDULDEOHBVLQJOH+RXUV�'DWD�6LQJOH+RXUV��
GHILQHBYDULDEOHBFRXUVHV�B�+RXUV�'DWD��&RXUVHV��+RXUV��
LPSRVHBFXPXODWLYH�7DVNV��
DOOGLIIHUHQW�6LQJOH+RXUV��
DOOGLIIHUHQW�&RXUVHV��+RXUV��
PLQLPL]H�ODEHOOLQJ�7DVNV��&RVW��

• Redundant variables:
– start times
– single hours

– courses lasting 3 or 4 hours

UHGXQGDQW�FRQVWUDLQWV

OLQNHG�HDFK�RWKHU��

H[FKDQJH�SURSDJDWLRQ�UHVXOWV
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TIMETABLING: optimality & search

• Search strategy: when coping with objective functions, we can
exploit information on costs for defining a good search strategy.

• Example:
– Choose the variable with max value of regret

• Regret: difference between the first and the second best on each row
of the cost matrix.

• Combination of regret and first-fail

– Choose the value associated with the minimum cost

• Example: based on the optimal solution of a relaxation
– Choose the variable with max value of regret

– Choose the solution of the relaxation
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ROUTING: problem definition

• Routing concerns the problem of finding a set of routes to be
covered by a set of vehicles visiting a set of cities/customers
once starting and ending at one (n) depot(s).

• Constraints
– temporal restrictions:

• time windows
• maximal duration of a travel

– vehicle capacity
– customer demands

• Optimization Criteria
• number of vehicles

• travel cost
• travel time
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ROUTING: problem definition

• Routing has been solved within OR community by using
– Branch & Bound approaches
– Dynamic Programming

– Local Search techniques

– Branch & Cut
– Column generation

• Routing has been solved within CP community by using
– Branch & Bound approaches

– Local Search techniques embedded in CP

• Basic component: Travelling Salesman Problem (TSP) and its
time constrained variant.
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TSP: problem definition

• TSP is the problem of finding a minimum cost tour covering a
set of nodes once.

• No subtours are allowed

• TSPTW: Time windows are associated to each node. Early
arrival is allowed. Late arrival is not permitted

• Even finding an Hamiltonian Circuit (no costs) is NP-complete
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TSP: CP model

• Variable associated to each node. The domain of each variable
contains possible next nodes to be visited

• N nodes           N + 1 variables 1H[WL�(duplicate the depot)

• For all�L:�1H[WL�≠�L
• QRF\FOH�>1H[W��«1H[WQ@�
• DOOGLIIHUHQW�>1H[W��«1H[WQ@�

• Cost FLM�if 1H[WL� �M

• In some models, we can find the redundant variables 3UHY indicating a
node predecessor.
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TSP: code

 WVS�'DWD�1H[W�&RVWV���
 ����UHPRYHBDUFVBWRBVHOI�1H[W��
 ����QRF\FOH�1H[W��
 ����DOOGLIIHUHQW�1H[W��
 ����FUHDWHBREMHFWLYH�1H[W�&RVWV�=��
 ����PLQLPL]H�ODEHOOLQJ�1H[W��=��

• QRF\FOH: symbolic constraint that ensures that no subtour is
present in the solution.

• FUHDWHBREMHFWLYH: creates &RVWV variables, imposes an
HOHPHQW constraint between the set of 1H[W variables and &RVWV
variables, and creates a variable =� representing the objective
function summing costs corresponding to assignments
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TSP: results

• Pure CP implementations: still far from the state of the art OR
approaches.

• Integration of OR techniques in CP: better results
– local search
– optimal solution of relaxations

• Lagrangean relaxation

• Assignment Problem

• Minimum Spanning Arborescence

– search strategies based on these relaxations
• subtour elimination

• Addition of Time Windows in OR approaches requires to re-
write major code parts while in CP comes for free.
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CUTTING & PACKING: problem definition

• Packing concerns the placement of a number of squares (of
different sizes) in one or more larger boxes in such a way that
squares do not overlap and minimizing the empty space

• Cutting is the problem of finding cuts of a master piece in order
to obtain a given number of pieces with fixed dimensions,
minimizing residues

• Many variants:
– strip packing

– guillottine cuts
– rotations allowed

– 1 dimension - 2 dimensions - 3 dimensions - 4 dimensions
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2-D PACKING: CP model

• For each square to be packed, we have a couple of variables
representing the coordinates of the bottom-left point of the
square

(X,Y) d

h Pieces:
;��>���'�G@
<��>���+�K@

masterPiece or
bin

D

H
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2-D PACKING: CP model

• Constraints:
– non overlapping constraints: given two squares whose coordinates are

(;�, <�) and (;�, <�) and dimensions '�, +� and '�, +� respectively

• ;��'��≤�;��25�<��+��≤�<��25�;��'��≤�;��25�<��+��≤�<�

• Very hard form of disjunction: no propagation even after
instantiation

• Redundant constraints can help:
• FXPXODWLYH�;FRRUGLQDWHV�;'LPHQVLRQ�<GLPHQVLRQ�+�

FXPXODWLYH�<FRRUGLQDWHV�<'LPHQVLRQ�;GLPHQVLRQ�'�
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PACKING: code

 SDFNLQJ�'DWD�;FRRUGV�<FRRUGV�'�+���
 ����FUHDWHBYDULDEOHV�'DWD�;FRRUGV�<FRRUGV�'�+��
 ����VWDWHBGLVMXQFWLYH�'DWD�;FRRUGV�<FRRUGV��
 ����VWDWHBFXPXODWLYHV�'DWD�;FRRUGV�<FRRUGV�'�+���
 ����FUHDWHBREMHFWLYH�;FRRUGV�<FRRUGV�'�+�=��
 ����PLQLPL]H�ODEHOBVTXDUHV�;FRRUGV�<FRRUGV��=��

• FUHDWHBREMHFWLYH: creates a variable representing the spare
space (or the number of bins if more than one is present)

• ODEHOBVTXDUHV selects bigger squares first and assigns the
coordinates in order to minimize spare space.
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MODEL BASED VISION
OBJECT RECOGNITION : definition

• Object recognition in model based vision concerns the problem
of recognizing an object in a scene given its model

• How to describe the model
• How to perform the mapping

• MODEL: Constraint graph
– Nodes: object parts
– Arcs (constraints): their relations

• RECOGNITION: Constraint satisfaction

%RWK�SUREOHPV�FDQ�EH
VROYHG�ZLWK�FRQVWUDLQWV
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OBJECT RECOGNITION

• 3-D OBJECT

• Two views and the corresponding models

S1

S2

S3 S4 S6S5

S8S7

S1

S3

S4

S6

S5

T,N T,N

T,N T,N

T,N

T,N

T,N

T,N

P P

S1

S3 S4 S6S5

N

Is_L

Is_Rect Is_Rect

Is_RectIs_Rect

S2

S8 S7

T,N T,N
T,N T,NS2

S7

T,N

S8

Is_Rect Is_Rect

Is_L
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CONSTRAINT-BASED OBJECT RECOGNITION

• In order to recognize an object, a low level vision system should
extract from the image some visual features (surfaces/edges)

• Constraint satisfaction techniques can be applied in order to
recognize the object in the scene.

• The object is recognized if the extracted features satisfy the
constraints contained in the model.

• Constraints allow to reduce the search space to be explored.
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EXAMPLE

• Rectangle shape
)RXU�VWUDLJKW�HGJHV��YDULDEOHV����SDUDOOHO�WZR�E\�WZR��ZKLFK
PXWXDOO\�WRXFK�WKHPVHOYHV�ZLWK�D����GHJUHH�DQJOH����

X3

X2

X1

X4

X1

X4

X2

X3

touch

touch

touch

touch
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EXAMPLE (2)
(0,0)

(256,256)

1 2

3

4

5

6

7 8

9 10

1112

13

14

15
16

17 18
19

20

21
22

23

24

25

26
27

28
29

3031

3233

34

35 36
37

38

UHFWDQJOH�&3�PRGHO
WRXFK�;��;����WRXFK�;��;����WRXFK�;��;����WRXFK�;��;���
SHUSHQG�;��;����SHUSHQG�;��;����SHUSHQG�;��;����SHUSHQG�;��;���
VDPHBOHQ�;��;����VDPHBOHQ�;��;����SDUDOOHO�;��;����SDUDOOHO�;��;��

Constraint Solver

Low level system

Visual Features:
     VHJPHQWV
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CP model: USER DEFINED CONSTRAINTS
UHFWDQJOH�&3�PRGHO
UHFRJQL]H�>;��;��;��;�@���
����;��;��;��;���>V��V��«�VQ@�
����WRXFK�;��;����WRXFK�;��;����WRXFK�;��;����WRXFK�;��;���
����SHUSHQG�;��;����SHUSHQG�;��;����SHUSHQG�;��;����SHUSHQG�;��;���
����VDPHBOHQ�;��;����VDPHBOHQ�;��;���
����SDUDOOHO�;��;����SDUDOOHO�;��;���
����ODEHOLQJ�>;��;��;��;�@��

•    Give the declarative and operational semantics of the constraints: segments
are described as facts: VHJPHQW�QDPH�;��<��;��<��

•    In all CP languages there are tools that allow new constraints to be defined.

•   An example in the CLP(FD) library of ECLLPSH
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CP model: USER DEFINED CONSTRAINTS

 WRXFK�;��;�����
��������GYDUBGRPDLQ�;��'���
��������GYDUBGRPDLQ�;��'���
��������DUFBFRQVB��'��'��'�QHZ������XVHU�GHILQHG�SURSDJDWLRQ
���������GRPBFRPSDUH�!�'��'�QHZ���!�GYDUBXSGDWH�;��'�QHZ���WUXH��
� �DUFBFRQVB��'�QHZ�'��'�QHZ�����XVHU�GHILQHG�SURSDJDWLRQ
���������GRPBFRPSDUH�!�'��'�QHZ���!�GYDUBXSGDWH�;��'�QHZ���WUXH��
���������YDU�;���YDU�;����!
�����������������PDNHBVXVSHQVLRQ�WRXFK�;��;�����6XVS��
����������������LQVHUWBVXVSHQVLRQ��;��;����6XVS��DQ\�RI�IG��IG��
����������������WUXH��
��������ZDNH�

• After the propagation, the constraint if not solved is suspended
and awaked each time an event DQ\�RI�IG  on one of the
variables �;��;���happens.
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CP model: SYMMETRIES

• Problem symmetries: arise when some permutations of the
variables map a solution onto another solution.

• Four segments forming a rectangle
• One solution:

• ;�� �V�
• ;�� �V�
• ;�� �V�
• ;�� �V�

• Other identical solutions:
• ;�� �V� ;�� �V� ��;�� �V�
• ;�� �V� ;�� �V� ��;�� �V�
• ;�� �V� ;�� �V� ��;�� �V�
• ;�� �V� ;�� �V� ��;�� �V�

V�

V�

V�

V�

7LPH�ORVW�WR�ORRN�IRU�DOUHDG\�IRXQG
VROXWLRQV���5HPRYH�V\PPHWULHV
E\�LPSRVLQJ�DGGLWLRQDO�FRQVWUDLQWV

>)UHXGHU�$$$,��@��>3XJHW�,60,6��@��>&UDZIRUG�HW�DO��.5��@�
>0HVHJXHU��7RUUDV�,-&$,��@�
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AI PLANNING: definition

• Planning concerns the problem of finding a chain of actions that
achieve a given goal starting from a well known initial state.
Actions are described with a set of preconditions (requirements)
and postconditions (effects)

• Constraints
– Plan constraints

• temporal constraints (ordering)
• designation and co-designation constraints

• resource constraints

• domain dependent constraints

– Plan construction constraints
• threats

• open condition achievement
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CONSTRAINTS ON THE PLAN

•   Temporal constraints
– qualitative     action A before action B
– quantitative     action A in [10..30]

•   Resource constraints
– consumable resources
– shared resources
– renewable resources

•   Domain-dependent constraints
–  priority among resources
–  destructive actions on object A always after any other
    action on A
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CONSTRAINTS ON PLAN CONSTRUCTION

• During the plan construction a set of decisions should be taken:
– threat resolution
– open condition achievement

• Good technique: least commitment. Decisions are delayed as
much as possible in order to perform only consistent choices.

• Passive postponement vs. active postponement

• Each decision is represented by a variable whose domain contains
possible solution to the pending decision. Constraints take into
account interaction among decisions.
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THREAT RESOLUTION

• Threat: conflict occurring when the effects of an action A threat the
preconditions of an action B

Robot with one hand: threat
a promotion: getBrushLadder < getBrushCeiling

b demotion:  returnBrushCeiling < getBrushLadder

Init

Get Brush
  ceiling

*�

*�a b

Paint ceiling

Get Brush
  ladder

return brush
  ceiling

Paint ladder return brush
  ladder

not hand_empty

hand_empty

hand_empty
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THREAT RESOLUTION

• Variable associated with the threat:
– T1 :: [ JHW%UXVK/DGGHU���JHW%UXVK&HLOLQJ�

 �����������UHWXUQ%UXVK&HLOLQJ���JHW%UXVK/DGGHU�]
– Threat variables linked  by:

• LQFRPSDWLELOLW\�FRQVWUDLQWV

• VXEVXPSWLRQ�FRQVWUDLQWV

– Example: if a threat T2 can be solved only by the constraint
JHW%UXVK&HLOLQJ���JHW%UXVK/DGGHU��the only way of solving T1 becomes

UHWXUQ%UXVK&HLOLQJ���JHW%UXVK/DGGHU

• Propagation of consequences of the decisions. Reduction of the
search space and trashing avoided

• More complex solver: user defined constraints.
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PLANNERS based on CP/CSPs

• ParcPlan >/HYHU���5LFKDUGV��,60,6��@

• PlaNet >%DUUXIIL��0LODQR�(&$,��@��>%DUUXIIL�HW��$O��(&3��@

• O-Plan >7DWH��'UDEEOH��'DOWRQ��75�8QLY��(GLQEXUJ���@
• Molgen >6WHILN�$,-��������@
• DEVISER >9HUH�,-&$,��@
• Descartes >-RVOLQ�3K'����@��>-RVOLQ��3ROODF��(:63��@

• WatPlan ><DQJ��$,-��������@
• SLNP  >0F$OOHVWHU��5RVHQEOLWW�1DW�&RQI�$,���@

• FSNLP ><DQJ��&KDQ�$,36��@
• Kambampati >75�$UL]RQD�6WDWH�8QLY����@
• SIPE >:LONLQV�$,��������@
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OTHER APPLICATIONS of CP

• Constraint Databases
• Spreadsheet
• Robotics/Control
• Diagnosis
• Test data generation
• Circuit Verification
• Natural Language

• Graphical Interfaces
• Graphical Editors
• Biology (DNA sequencing)
• Qualitative reasoning
• Temporal reasoning
• SAT
• Other LSCO problems
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OVERVIEW

• Constraint Satisfaction (Optimization) Problems

• Constraint (Logic) Programming
– �ODQJXDJH�DQG�WRROV

• AI Applications: modelling and solving
– 6FKHGXOLQJ���7LPHWDEOLQJ���5HVRXUFH�$OORFDWLRQ
– 5RXWLQJ
– 3DFNLQJ���&XWWLQJ

– *UDSKLFV���9LVLRQ
– 3ODQQLQJ

• Advantages and Limitations of CP: extensions
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ADVANTAGES OF CP

• Easy problem modelling

• Constraints provide a natural way of implementing
propagation rules

• Flexible treatment of variants of original problems:
– easy introduction of new constraints
– transparent interaction with other constraints

• Easy control of the search
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LIMITATIONS of PURE CP

• Optimization side not very effective

• Over-Constrained problems:
– no effective way of relaxing constraints
– hard/soft constraints

• Dynamic Changes:
– addition/deletion of variables
– addition/deletion of domain values
– addition/deletion of constraints
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CP EXTENSION FOR OPTIMIZATION
• Integration of OR techniques in CP tools:

– MP based solvers: 2LP >0F$ORRQ��7UHWNRRI�33&3��@� OPL >9DQ
+HQWHQU\FN����@��Planner�>,/2*�3ODQQHU�0DQXDO@

• Integration of CPLEX and XPRESS in FD solvers

– Integration of specialized algorithms for:
• computing bounds

• using reduced costs

– Improvement of CP branch and bound
• >5RGRVHN��:DOODFH��+DMLDQ�$QQDOV�25���@��>&DVHDX��/DEXUWKH�,&/3��

DQG�-,&6/3��@��>%HULQJHU��'H%DFNHU��/3�)RUPDO�0HWKRG�DQG�3UDFW�
$SSO����@

– Integration of local search techniques
– >'H%DFNHU��)XUQRQ�6KDZ�&3$,25��@��>&DVHDX��/DEXUWKH�&3$,25��@�

>*HQGUHDX��3HVDQW��5RXVVHDX��7UDQVS��6FL����@

– Integration of branch and cut in a logical setting
• >%RFNPD\U�,&/3��@��>.DVSHU�3K'����@

>&DVHDX��/DEXUWKH�,&/3���DQG�&3��@��
>)RFDFFL��/RGL��0LODQR�,&/3���DQG�&3��@�
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CP EXTENSION FOR OVER-CONSTRAINED
PROBLEMS

• HCSP:
– Implementation of CP solvers exploiting Hierarchical CSP

framework
– Meta programming

CP EXTENSION FOR DYNAMIC CHANGES

• DCSP
• ATMS-based solvers
• Interactive Constraint Satisfaction

Complex data-structures

>5�'HFKWHU��$�'HFKWHU��$$$,��@��>9HUIDLOOLH��6FKLH[�$$$,��@�
>%HVVLHUH��$$$,��@��>/DPPD�HW�DO��,-&$,��@

>$��%RUQLQJ�2236/$��@��>$��%RUQLQJ�HW�DO��,&/3��@��>0�-DPSHU�3K'����@
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TO KNOW MORE…..

• &RQIHUHQFHV�
– ,QWHUQDWLRQDO�&RQIHUHQFH�RQ�3ULQFLSOHV�DQG�3UDFWLFH�RI�&RQVWUDLQW
3URJUDPPLQJ�&3

– �,QWHUQDWLRQDO�&RQIHUHQFH�RQ�3UDFWLFDO�$SSOLFDWLRQV�RI�&RQVWUDLQW
7HFKQRORJ\�3$&7��WKLV�\HDU�3$&/3�

– �/RJLF�SURJUDPPLQJ�FRQIHUHQFHV��,/36���,&/3���-,&6/3�

– $,�&RQIHUHQFHV��(&$,���$$$,���,-&$,�

– 2SHUDWLRQV�UHVHDUFK�FRQIHUHQFHV��,1)2506���,)256�

– 1HZ�:RUNVKRS��&3�$,�25�

• %RRN���.��0DUULRWW�DQG�3��6WXFNH\
– 3URJUDPPLQJ�ZLWK�FRQVWUDLQWV��$Q�,QWURGXFWLRQ

– 0,7�3UHVV
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TO KNOW MORE…..

• -RXUQDOV�
– &RQVWUDLQW���$Q�,QWHUQDWLRQDO�-RXUQDO

– $,���/3���25�-RXUQDOV

• ,QGXVWULDO�$SSOLFDWLRQV�
– &26<7(&��,/2*��(&5&��6,(0(16��%8//

• 1HZV�JURXS��FRPS�FRQVWUDLQWV

• 0DLOLQJ�OLVWV��&3:25/'#JPX�HGX

• &RQVWUDLQW�$UFKLYH��KWWS���ZZZ�FV�XQK�HGX�FFF�DUFKLYH�


