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ABSTRACT

In this paper, we are interesting in using a partial consistency,
issued from relational databases theory, within the Constraint-
Satisfaction Problems (CSPs) framework : pairwise-
consistency. This partial consistency concerns general CSPs
(i.e. CSPs the constraints of which may involve more than two
variables). We provide a polynomial algorithm for achieving it;
then we can extend the class of polynomially solvable CSPs.
This algorithm is based on a minimal binary representation of a
general CSP, of which presents some properties we give.
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L_INTRODUCTION

Constraint-satisfaction problems (CSPs) involve the assignment
of values to variables which are subject to a set of constraints.
Examples of CSPs are map coloring, conjunctive queries in a
database [2], line drawings understanding [17] [19] [22], pattern
matching in production rules systems [20], combinatorial
puzzles, peptidic synthesis [13]... In the general case, finding a
solution or testing if a CSP admits a solution is a NP-complete
problem. Therefore, different levels of consistency have been
introduced. The methods to achieve these local consistencies are
considered as filtering algorithms : they may lead to problem
simplifications, without changing the solution set. They have
been used as well to improve the representation prior the search,
as to improve backtrack during the search [10]. They have also
been used in the framework of dynamic CSPs [11].

Most of these consistencies deal only with binary CSPs (CSP
with only binary constraints). We propose here another partial

consistency, pairwise-consistency, for general CSPs, and a
polynomial algorithm to process it; this allows us to extend the
class of polynomially solvable CSPs. The basic idea is to
represent a general CSP by a binary CSP, while preserving
structural properties.

In this paper, we first recall CSP's definition and main results.
Then we define pairwise-consistency and its properties; we
provide also a polynomial algorithm to achieve pairwise-
consistency. This algorithm is based on an equivalent binary
representation for the general CSP. There can be several similar
representations; therefore, in the last part, we give an algorithm
to find a minimal one, the properties of which allow the
extension of Freuder’s theorem [9] to a-acyclic CSPs [2].

2_CONSTRAINT-SATISFACTION PROBLEMS
2.1 Definiti

A CSP involves a set X of n variables X1,X2,...Xp having
domains Dj,D3,...D; and a set C of m constraints C1,...Cp.

Each Dj defines the set of values that variable X; may assume. D
is the set of all domains. A constraint Cj is defined on a set of
variables (Xil""xiji) by a subset of the cartesian product

Dj,x... Diji; we note this subset Py (P;j is the set of value
arrangements satisfying the constraint C;). P is the set of all Pj,
for i =1..m.

In this paper, we will write a CSP ® as P=(X,D,C,P).

A CSP solution is a value assignment for all variables, such that
all the constraints are satisfied. For a CSP %, the hypergraph
(X,C) is called the constraint hypergraph. If all constraints
involve at most two variables, the CSP is a binary CSP, and
(X,C) is a graph (generally called constraint graph). For a given
CSP. the problem is either to find all solutions or a solution, or
to know if there exists any solution. All these problems are
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known to be NP-complete.

X2

Figure 1 : this is a CSP with variables X = {X]1,X2.X3,X4, X5.X6,X7);
the constraints are the arcs of the graph; each variable domain is given by
the set of associated letters. The constraints are defined by non strict
lexicographic ordering : for example, the constraint (X2,X4) is defined by
the set {(bb),(b,c),(c,c)}. This problem has several solutions; the
assignment (a,b,a,b,b,d,e) to X is one of them.

2.2 _Main results

CSPs are normally solved by different versions of backtrack
search. Consequently, many works try to improve the search
efficiency. They mainly deal with binary CSPs. Freuder,
considering the problem of finding one solution, gives a
preprocessing procedure for selecting a good variable ordering
prior to running the search. One of his main results is a
sufficient condition for backtrack-free search [9]. This condition
concerns on one hand a structural property of the constraint
graph, and on the other hand more or less local consistencies.
Roughly speaking, we could express the idea as : "the more the
constraint graph is connected, the higher the level of the
consistency must be". Nevertheless, one can use this theorem
only for simple cases : consistency verification is easy only for
low level consistencies. Moreover, in the other cases, achieving
consistency leads to a structural modification of the constraint
graph. As an outcome, Freuder [9], Pearl and Dechter [6] give
two classes of polynomially solvable CSPs. See for example :

Corollary 2.1 [9] : if the constraint graph is acyclic, then
there is a polynomial algorithm to find a solution.

To solve the general problem, various efforts have been made to
improve backtrack's performance; they can be classified along
the two following dimensions :

- improving backtrack during search (see [4] [6] [10] [18)

- improving the representation prior to search : these techniques
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are mainly based either on some decomposition of the problem
(cycle-cutset method [5] or tree-clustering method [7]), or on the
obtention of some partial consistencies [8] {14] [19] [22].

Here, we develop here the last approach, more precisely arc-
consistency [22], also known as domain-filtering. To verify the
arc-consistency, any value djof a variable Xjneeds to be
compatible with any constraint involving X;.

Definition : a domain Dj is arc-consistent iff Dj # @
and ¥d;eDj, VCj s X;, dieP;[X;], where P;[Xi] is the
restriction of P to X;. A CSPis arc-consistent if each one of
the variables domains is arc-consistent.

Property 2.2 [9] : if a binary CSP is arc-consistent, and if its
constraint graph is acyclic, then the CSP admits a solution and
there is a backtrack-free search order.

Nevertheless, in the general case, an arc-consistent CSP does
not necessarily admit a solution. If the given CSP is not arc-
consistent, we can still transform it in a CSP %' : the domains
D'j of #' are obtained by deleting the values of Dj when the arc-
consistency condition is not true. If one of the D'j is empty, ®
does not admit a solution, else P’ is arc-consistent. ¥’ is called
the arc-consistent-closure of ®. It presents the following
properties :

o P and %' have the same solution set.

o ©'and ® have the same constraint hypergraph.

e P is somehow simpler than ® : ¥ i, D; € D;.

So, processing the arc-consistent-closure is a filtering process
deleting values which cannot belong to any solution. In [16], it
is shown that arc-consistency can be achieved by a linear
algorithm.

Figure 2 : figure 2.1 CSP arc-consistent closure. Note for example that
value ¢ has been deleted in D; because it does not exist any value in Dy
compatible with it for the constraint C=(X1,X2).
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3 _PAIRWISE-CONSISTENCY

Here, we present a new form of partial consistency within the
CSP framework : the pairwise-consistency.

3.1 Partial consistencies f L CSP

Only one partial consistency has been studied within the
framework of general CSPs : arc-consistency. The results are
quite similar to those obtained in the case of binary CSPs :
generalization of the property 2.2 {13] and linear algorithms for
the processing of the arc-consistent closure [13] [15]. These
results led to the following corollary.

Corollary 3.1. [13] : if the constraint hypergraph is Berge-
acyclic, there exists a polynomial algorithm to find a solution.

The cycle definition used in this corollary is given in [1]. In the
following chapters we use another definition, proposed in [2]
and called a-cycle. We do not report it here, knowing the
following properties is sufficient : (1) any a-cycle is a Berge
cycle; the converse is false [2], and (2) there is a linear algorithm
to test if a hypergraph is a-acyclic [21].

C ‘! X Cz
OB

Figure 3 : cyclicity and hypergraphs : the hypergraph (a) is Berge-acyclic
and a-acyclic, (b) is Berge-cyclic but a-acyclic, and (c) is both Berge-cyclic

et a-cyclic.

We define the pairwise-consistency, basing on works
concerning relational databases [2]. It allows to extend the
corollary 3.1 to a-acyclic hypergraphs. Whereas arc-consistency
domains and
constraints, pairwise-consistency defines a consistency between

is a local consistency between variables

constraints.
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Definition : a CSP ® = (X,D,C,P) is pairwise-consistent
iff

e ¥Cj ¥ CJ / CiN Cj 0, Pi[cian] = Pj[Cin CJ] and
BICNCj) = @

oV Pi, Pi 0.

(the expression P;[C;NC;] represents the restriction of P; to the
variables of G;N1C;).

There is no direct link between arc and pairwise-consistency : a
pairwise-consistent CSP may be not arc-consistent, and

reciprocally (example 1).

E

ple 1 : arc-cc t but not pairwise-consistent CSP: Consider the
CSP ®1 = (X.DCP)

X = (X1.X2.X3.X4},

D = (D1,D3,D3,D4} / Dj = (a,b},

C = (C},C2.C3} / C1=(X1,X2.X3), C2=(X2,X3,X4), C3=(X1.X4):

P= (P1,P2.P3} / P1=((baa).(aa,b).(ab,a)}, Pp={(a.b), (b.2.), (bab}},
P3=( (a:a), (b.a), (b.b)}.

This problem is arc-consistent but not pairwise-consistent; since :
P1[C1NCy] = ((aa), (ab), (ba)} # P2[C1NCol = ((ab), (b2))

A database result [2] has pointed out the link between pairwise-
consistency and a constraint hypergraph property. In terms of
CSPs, this result is the following :

Property 3.1 : If a CSP is pairwise-consistent and if its
constraint hypergraph is a-acyclic, then it admits a solution
which can be obtained in a polynomial time.

3.2 T 1

As for arc-consistency, it is possible to obtain from pairwise-
consistency a filtering operation on general CSPs. To this aim,
we associate to each CSP % a CSP, noted ®P, called pairwise-
consistent closure of ¥ defined below :

Definition : let ® = (X,D,C,P) a CSP. The pairwise-
consistent closure of ® is the CSP ®P = (X,D,C,Q) defined
by :

-¥Yi Qe P

- PP is pairwise-consistent

- PP is maximal in the following sense : there is no CSP ¥’ =
X,D,C,R) such as ¥i Q€ R;j& Pj, ®' pairwise-
consistent and Q #R.
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It can be underlined that the pairwise-consistent closure of a
CSP P does not necessarily exist. Thus, the single CSP ¥’
which verifies the property (¥ Cj, ¥ Cj / GNC; # g,
Q;lCin Cj]=Qj[Ciﬂ Cjl ) may be such that, for some i,
QICNCjl =B, i. e. Q; = @. In this case P has no solution.

Property 3.2 : When the pairwise-consistent closure of a
CSP exists, it is unique.

Proof : suppose that ®; = (X,D,C,Q) and ®2 = (X,D,C,R)
are two distinct pairwise consistent closures of a CSP ® =
(X,D,C,P). Let us build the CSP ®' = (X,D,C,T) the
¥i Ti=R;u Qj;one can easily see that
¥ is pairwise-consistent and therefore ®) and %2 are not
maximal. |

following way :

Property 3.3 : If PP exists, then ® and PP have the same
set of solutions.

Proof : let S be a solution of ¥ = (X,D,C,P), S is pairwise-
consistent; if S is not a solution of P = (X,D,C,Q) then 31 :
S[Cil ¢ Q;; let ®' = (X,D,C,R) the CSP defined by ¥i,
Ri=Qju S[Cjil. S and PP being pairwise-consistent, ®" is

pairwise-consistent and therefore ®P is not maximal. u

Example 2 : pairwise-consistent closure of the CSP ®; shown by
example 1 : Let ®3 = (X,D,C,Q) be the pairwise-consistent closure of ¥,
we have : Q = { (aab), (a,b,a) },Qy = { (a,b,a), (b,a,2) } and Q3 = {(a.a)}.
It may be seen that P is not arc-consistent since b & Dy does not belong

to any tuple in Q;.

Another interesting property concerns the links between arc and
pairwise-consistency. Although pairwise-consistency does not
act on the variables domains, it is easy from a pairwise-
consistent CSP to get an arc-consistent CSP.

Property 3.4. : let ® = (X,D,C,P) be a CSP; let a CSP #Pac
= (X,D',C,P) defined by : ¥X;D'i = Px[Xi] where Cy is any
constraint involving X;. If ® is pairwise-consistent then PPaC
is arc and pairwise-consistent.

Proof : showing that ®P2¢ is arc-consistent is sufficient : let
Xj be a variable, and dj € D'j; from %P definition, we have :
3 Ck = X with d; € Px[X]. Since ® is pairwise-consistent,
Y ChaX;: Px[Ch Ck] = Ph{Chn Ck] and therefore, as
Xi€Ch N Ck, ¥ Ch ® Xj, Py[Xi] = PhlXj]. So ¥ X; = X,
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vdieD;, ¥Ch 2 Xj, die PalXjl.
Consequently, %P2 s arc-consistent. ]

Using this property, it is easy to define a closure based on these
two partial consistencies. This way, we obtain another filtering
process by achieving first pairwise-consistency, and then arc-

consistency.

Example 3 : Let ®3 = (X,D',.C,Q) be the arc-consistent closure of $9
(example 2); it is the arc-pairwise-consistent closure of ®). We have

D'y=(a},D'y=Dy,D'3=D3and Dg={a .

Pairwise-consistency is thus a new partial consistency suitable
for general CSPs, possibly associated with arc-consistency. We
give below an efficient algorithm to achieve it.

4 _ACHIEVING PAIRWISE-CONSISTENCY

To this aim, we associate to every general CSP ¥y a binary
CSP ® g so that achieving pairwise-consistency on ¥y
consists in achieving arc-consistency on P ).

4.1 Oual graphs

Definition [3] : let H = (X,C) a hypergraph. A qual graph
of H is a graph G(H) = (C,E,v), where v is an edge labelling
such that :

¢EC F={(G,C} € C/izjand GiN Cj# @),

. V({Ci,Cj]) = Ci n Cj

* ¥ C,Cje Cif C;N Cj:tﬂ , then there is in G(H) a chain
(Ci=Cp,C15.-,Cq= Cp) such that ¥ ke[0,g-1] , C; N Cj <
v({CCra1 D)

There may be several qual graphs for the same hypergraph
(figure 4). We can notice that the representing graph [1] of H
(C,F,v), sometimes called intersection graph, is the greatest
element of the qual graphs set.

Given a general CSP Py, and one of its qual graphs G(H), let
us define the associated binary CSP Py :

Definition : Let gy = (X,D,C,P) a CSP and H = (X,C) its
constraint hypergraph. iPG(H) =(C,P,E,R) with:

¢ (CE,v) = GH),

e C = {Cy,... Cq} a variables set with a domains set P =
{P1,.. Pm},
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e if E, e E/E = (Ci,Cj}, then Ry = { (pi,pj) € PiXPj/
Pilv(Ep)] = pj{v(Ep)] } (e.g. value p; for C; and value p; for C;
are compatible if the variables of Cj N Cj have the same values).

A PGy solution is an assignment to the variables of C
satisfying all the constraints defined by E and R.

{X3.X4}
(c)

C3

Figure 4 : a hypergraph and two of its qual graphs

Property 4.1. :
TPG(H) = (C,P,E,R) an associated binary CSP, then :
pairwise-consistent <> ¥y arc-consistent.

Let Py = X,D,C,P) a gencral/ CSP, and
Py

Proof :

* =

Py pairwise-consistent

= ¥ Cje C, ¥ Ex=(Ci, Cj} ¢ E, P[v(Ey)] =Pj[V(Ep)1 =@
and Vi, P00

=V Ciﬁ C, ¥ Ex={Ci, Cj} € E, Vpiﬁ P;, BPJ € Pj’
pPilv(E] = pjlv(E)] and ¥i,P;= @

=>V¥CieC, ¥pje P, ¥ Ex> Cj, pieRy[Ciland Vi,P;=@
= P () arc-consistent,

o &

® g arc-consistent. Let Cj, Cje C/ CGNCj# J; there is a
chain in G(H), (Co=C;, Cy, Cy,... Cq=Cj), such that ¥k €
[0,9-1], Cian < v({Ck,Crs1)), letk & [0, g-1] and Ep =
{Ck:.Ck+1). As PGH) is arc-consistent : ¥ py € Py, pk €
Rn[Ck]l and ¥pyy1 € Pgy1, Pr+1 € Rp[Ck+1] and Px# @
consequently Px[v(Eh)] = P4+1[V(En)] = @ and since CiNC; &
v(Ep), we have Pk[Cian] =P 1[CiN CJ] # @, therefore,
Yk, fe[0,q Pk[Cian] = Pf[Cian] # @, particularly :
Pi[Cian] = Pj[Cian] +0

®y is pairwise-consistent. |
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Corollary 4.1. : if (C,Pa¢,E,R) is the arc-consistent closure
of P G(u), then the pairwise-consistent closure of ®y is
®h=(X,D,C,Pac).

Proof : obvious.

12 Achievi f a CSP

Method : To achieve pairwise-consistency of a CSP Py we
may consider an associated qual graph G(H) = (C,E,v) and use
the corollary 4.1 : achieving arc-consistency of ®g(p) i.e.

PGn=(C.P ER) allows to get P = (X,D,C,Pac).

This can be made using the linear algorithm AC4 [16] on
®G(er)- AC4 does not require the explicit building of ®gqy): it
only requires the ability of testing, for any constraint, two values
compatibility, and therefore the explicit construction of R is
needless.

Algorithm evaluation :

the problem parameters are the following ones :

-n =Xl counts the variables of ®y,

- m =ICl is the number of constraints in Py,

- e = |[El the number of G(H) edges,

-k =max { IPjl/P; € P }, the size of the domains in ¥ g (or
the size of the constraints in Pyy),

-a=max { ICjl/ C; € C }, maximal arity of the Py constraints.

Property 4.2. : Achieving pairwise-consistency can be done
in polynomial time.

Proof : The complexity of AC4 on a given G(H) is O(eak?)
(complexity of AC4 is O(ek2) and factor a is issued from an
elementary test cost). Besides, the intersection graph can be
obtained in
O(eak2+am?).

O(am?2) . The whole complexity is thus
|

For a given constraint hypergraph, the intersection graph is the
qual graph having the maximal number of edges. Therefore, we
might take advantage of using another qual graph with less
edges, so that we could reduce the factor e in O(eak? + am?),
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S_ABOUT MINIMALITY OF OUAL GRAPHS

There can be several qual graphs of very different sizes (see
figure 4) associated to a hypergraph. So, in this part, we
propose an algorithm to find minimal qual graphs.

5.1 Minimal qual I

Definition : Let H = (X,C) be a hypergraph; G, (H) is a
minimal qual graph for H if G,(H) = (C,E,,vp,) is a qual
graph, and E;; is minimal (i.e. no one of the partial graphs of
Gp(H) is a qual graph for H).

Example 4 : qual graph (c) of figure 4 is a minimal qual graph for
hypergraph (a).

There can be several minimal qual graphs associated to a
hypergraph. We show that they have the same number of edges.

Notations : given H = (X,C) and G(H) = (C,E,v), let us
define the following notations:

9={CGNG; /CNCj=D }.

ForAed,8,={CisC/ACS C )

Let Aj, A2,.....An be a numbering defining a total order on ¢
compatible with D (i.e.¥ Ag, Aje 9 /AjDAxFi<k)
Ek={ce E/v(e)=A;,i<k}andEp;=(eeE/v(e)=A; ).
G(s Aj) is the subgraph of (C,EY) induced by S Aj

NbCC(G) denotes the number of connected components of G.

We consider below a hypergraph (X,C) and a total order on ¢
compatible with o.

Lemma 5.1. : Let G = (C,E,v) be a qual graph; if Cj;, Cip €
C are such that Cj; N Ci; = A;, and there is a chain (Co=Cj,,
v Ck» Cq=Cip) in Gst. ¥ ke [0, 11, A&

v({Cx,Cx+1)), then: ¥ ke [0,q-1], {Cy,Cyy1) & EL

Proof : Aj & v({C,Cks+1})=A; and by the total order
definition r < i; so, {Cy,Cy41}€ EL |

Lemme 5.2.: G=(CE,v)isaqual graph & ¥ ie[1,h],
Gi(B ) is connected.

Proof :
*3 ¥ Ci,CipeSa;, Cij NCip=Aj 2 Aj,and thereisa
chain in G, (Co=Cijy, ..... Ck, ...Cq= Cj,) such that :

-Yke[0,q],Aj< Cy, then Cy e SAJ- S Sa;
-¥ke[0,q-1], {Cx,Cxs1} € Ei (lemma 5.1.) and Ei € Ej;
consequently, the considered chain appears in Gi(S4;)

o & ¥ Ci;,Cip / Ciy N Cip= Aj, there is a chain in
Gi(% ), (Co=Cij, ..., Ck»...Cq= Ciy) such that : ¥k e [0,g-1],
A € v({Cy,Cyq1)); since Gi(B 5y is a partial subgraph of G,
this chain also appears in G. |

Lemma 5.3. : if G and G' are two qual graphs, then
NbCC(GH(S Ay, 1) ) = NbCC(Gi(S )

Proof : it is sufficient to prove : Cj;, Cj, connected in
Gi(8a;,1) ® Ci;, Cip connected in G'(F a;,,). If Ci; and Ciy
are connected in Gi($ a,,), there is a chain (Co=Cj;, ..., Ck,
Cq=Cip) such that: ¥ ke[1,¢-1], 3r<i/v({Cy,Cys1))
= A;. Then Cy, Cyy1 € §a,, and by lemma 5.2., Cy and Cyyq
are connected in G($ 4,), and furthermore in G'i(S Aj+1) Since
ETC Et and B4, € Saj, ]

Lemma 5.4. : let G = (C,E,v) be a minimal qual graph,
then¥ie [0, h-1], [Ea;, ! = NbCC(GH(E aj,1))-1

Proof : by lemma 5.2., Gi*1(S4;, ;) is connected. If Ba;,;
is not connected in Gt , the edges connecting it in Gi+1 belong to
EAj,q- The minimum number of these edges is
(NbCC(G'(B A;,1) ) -1) and any additional edge would be
redundant (its deletion would not disconnect Gi+1(Za;,1) ).
Since G is minimal: [Ea;, ¢l = (NbCC( Gi(SAM) )-1). |

Property 5.1. : let H = (X,C) be a hypergraph, let
G=(C,E,v) and G' = (C,E',v) be two minimal qual graphs for
H, then IEl=IE'.

Proof : by lemmas 5.3. and 5.4., ¥ i€ [ 1, h ], [Ea;l = [E'ajl,
so IEl=IE'l. u

52 C ion of 2 minimal qual i

The proof of property 5.1 gives the idea of the algorithm :
starting with the graph G0=(C,E®) where E0 =@, each element
of 4 is processed in order Aj, Az,..Ap. At step k, we add edges
such that the resulting graph Gk = (C,EK) has the following
properties :

(i) ¥ eeEX,vie)e {Al,. Akl

() ¥ j,1<j<k, GJ'(SAj) is connected

(iii) let G'=(C,E'\v') be a minimal qual graph, then IEK| = [E'k,
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Property (iii) ensures the final graph minimality, while property
(i) is equivalent to the qual graph condition (lemma 5.2.).

Algorithm :

E0<- @&;

for k <- 1 to h do
{G*1(Sa,) has ny connected components; for each one
of them, we select one vertex; let Cyy, ..., Cny be the
resulting set}
Ek <- EK1 U { n - 1 edges which connect Cpy,.., Cny }
{if GKI(84, ) is already connected, Ek = Ek-1}

rof;

Gm(H) <- Gh;

Proof : by induction on k :

e for k = 1, properties (i), (ii), (iii) hold

® suppose (i), (i), (iii) hold for j, j = 1, ... k-1.

(i) is true for GK : actually, every added edge e connects two
vertices of B4 , then Ax < v(e); so, from definition of the total
orderon 4, v(e) e{Ay,..Ax}

(ii). ¥ j<k-1, Gi(S Aj) is connected. At step k, there is no
edge deletion; consequently, GI(S Aj) remains connected. The
purpose of step k is to connect GK-1(% 4, ), then GK(§ a) is
actually connected.

(iii) the number of added edges is IEa,l = (NbCC(GE-Y(S A ))-1)
(lemma 5.4); this number is equal to IE's,! (lemma 5.3 and
5.4).

Property (ii) holds in G,(H), which consequently is a qual
graph; moreover, by property (iii), G(H) has the same number
of edges as a minimal qual graph (property 5.1), therefore
Gp(H) is minimal. |

Complexity :

With a, m and n as in 4.2. and h = |4i, f = IFl the number of
edges in the representing graph of H, and e = |[Ey! the number
of edges in a minimal qual graph for H.

o 4 ordering computation : O(n.f + f.a.log(h)).

Comparing two members of ¢ requires O(a) time. We can
represent 9 by an array indexed by cardinality of 9 members; the
ith member of this array is a tree encoding Aj's of cardinality i.
Building this structure requires O(n.f+f.a.log(h)) time.

Finding a total ordering on ¢ is achieved in O(h).

® G construction : O(h(m + em) )
Stepk : O(1Bp,l + [EXI)
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searching connected components of GK-1(8 ;) runs in
O(15 o+ [EX-11 ) time B, building is in O( [Eal)

The overall complexity is O h(m + epy) ) time because ISl <m
and IEKi<ep.

The total cost of this algorithm is O( n.f + f.a.log(h) + h(m+en))
time ; this expression can be overestimated by O(n.m2.log(m2)
+m?).

When implemented on a minimal qual graph, the process of
pairwise-consistent-closure requires O(nm?2log(m2)+m?+emak?)
time. This complexity seems greater with respect to the previous
one : O(am2+eak2) (see 4.2.). Nevertheless, we have to
consider all the factors : let d be max IDjl, then k < d3; thus,
finding G, can be advantageous when em <<e. This is often
the case in practice, especially when the size of the hypergraph
(factors m and n) is small with regard to the constraints size
(factors d and k). Furthermore, in the framework of dynamic
CSPs we have to solve a sequence of CSPs with only local
changes [11]. In many cases, we may very quickly obtain the
minimal graph of a new CSP from the previous one. So, the
total cost may be less than expected.

5.3 Minimal qual ; .

We can link a constraint hypergraph and its minimal qual graphs
by the following property.

Property 5.2 : H a-acyclic (connected) &> Gp(H) is a tree

Proof : It has been shown in [2] that H is a-acyclic iff H
admits a join-tree G (acyclic qual graph). It is enough to notice
that G is minimal since no partial graph of G is a qual graph. Bl

Besides, we have shown ¥y and P g(y) are equivalent, in the
sense that there is a bijection between their solution sets [12].
This result leads to a generalization of Freuder's corollary 2.1 to
a-acyclic CSPs.

Property 5.3. : let Py be a general CSP. If H is a-acyclic
then there exists a polynomial algorithm to find a solution.

Proof : from property 5.2, we can associate to ®y an
equivalent binary CSP ®g,(m), the graph of which is acyclic.
This can be polynomially done. In addition, we can
polynomially find a solution to ®gp) (Corollary 2.1). B
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From the previous property, we can notice two points:

- the class of the polynomially solvable CSPs is extended;

- even if H is not a-acyclic, ® gy, (H) may be considered as an
equivalent binary representation of ®p. The main advantage of
such a representation is the ability of using binary CSPs resuits.
Nevertheless this requires that the transformation maintains
polynomially solvability and that the corresponding cost is not
too high : acyclicity conservation is a partial answer to the first
point.

6 _CONCLUSION

Pairwise-consistency is a partial consistency on general CSPs; in
the framework of relational databases, Beeri & all. have shown
it is a necessary condition for a solution to exist. We showed
that achieving it consists in a new filtering process; its
complexity is polynomial and we gave a bound for it. In
addition, for an already pairwise-consistent CSP, it is easy to
process arc-consistency. The algorithm presented here is based
on a binary representation of general CSPs : we associate to any
constraint hypergraph a set of graphs : the qual graphs set, any
element of which is a binary representation of the given CSP.

We studied the minimal elements in the qual graphs set, i.e.
graphs with a minimum number of edges. We proposed a
polynomial algorithm to find one of them. One can use these
results to improve the efficiency of achieving pairwise-
consistency. Moreover, we showed that any minimal qual graph
of an acyclic hypergraph is also acyclic. Consequently, we can
extend Freuder's theorem to general CSPs. This representation
might be studied in further works, in order to take advantage of
the numerous studies concernig binary CSPs .
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