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Abstract

We show that the st-connectivity problem for directed
planar graphs can be decided in unambiguous logarithmic
space.

1. Introduction

Graph reachability problems are fundamental to com-
plexity theory. The general st-connectivity problem for di-
rected graphs perfectly captures the power of nondetermin-
ism in the context of logarithmic space since it is complete
for NL. Various restricted versions of this problem char-
acterize other low-level complexity classes such as L, ACO,
and NC' [Ete97, BLMS98, Bar89, Rei05].

A natural and important restriction of the st-connectivity
problem is when the graphs involved are planar, which we
denote by PLANARREACH in this paper. The complexity of
this problem is not yet settled satisfactorily. The best known
upper bound in terms of space complexity is NL. Though it
is hard for L [Ete97], it is not known whether it is complete
for NL. Recently there has been progress in understand-
ing the complexity of PLANARREACH. In particular, Al-
lender, Datta & Roy [ADROS5] show that PLANARREACH
log-space reduces to the reachability problem for a strict
subclass of planar graphs called grid graphs. We denote
the reachability problem for grid graphs as GGR. From
this result and the fact that GGR reduces to its comple-
ment [BLMS98], it follows that PLANARREACH reduces to
its complement problem of unreachability in planar graphs.
Allender et al. [ADRO5] also give a direct log-space reduc-
tion from PLANARREACH to its complement.

In this paper we make further progress in understanding
the space complexity of PLANARREACH. Building on ear-
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lier work, we give a simple argument to show the following
upper bound.

Theorem 1. PLANARREACH € UL N coUL.

Here UL denotes the unambiguous subclass of NL first
defined and studied in [BJLRO91, AJ93]. A language L is in
UL if and only if there exists a nondeterministic log-space
machine M accepting L such that, for every instance x, M
has at most one accepting computation on input z. Thus,
planar reachability can be decided by a nondeterministic
machine in log-space with at most one accepting compu-
tation.

The class UL and related low-space unambiguous classes
have been of interest to researchers [BILR91, AJ93, Lan97,
AL98, RA00, ADROS]. Arguably the most interesting re-
sult regarding UL, due to Reinhardt & Allender, is that the
nonuniform version of UL contains the whole of NL; that
is NL € UL/poly [RA0O]. In addition, Allender, Rein-
hardt, & Zhou showed that, under the hardness assumption
that deterministic linear space has functions that can not be
computed by circuits of size 2°", the constructions given
in [RAO0O] can be derandomized to show that NL = UL
[ARZ99]. These results give strong indication that NL
equals UL. Our result gives further evidence that this equal-
ity might hold.

Since PLANARREACH reduces to reachability in grid
graphs, for our upper bound it suffices to consider grid
graphs. Grid graphs are graphs with vertices located on the
planar grid and edges connecting a vertex only with its im-
mediate vertical/horizontal neighbors. Reachability in grid
graphs is interesting from a complexity-theoretic point of
view. Barrington, Lu, Miltersen & Skyum showed that st-
connectivity on such graphs with constant width captures
the complexity of the AC” hierarchy [BLMS98]. Recently,
the complexity of various restrictions of GGR have been
studied in [ADRO5, ABCT06]. Specifically, in [ADRO5]
the authors show that the layered grid graph reachability



problem is in UL. A layered grid graph is a restriction to
only three cardinal directions. It was open whether this up-
per bound can be extended to the general grid graph reach-
ability. We settle this problem in this paper.

2. Preliminaries

We assume familiarity with the basics of complexity the-
ory and in particular log-space bounded complexity classes
NL and its unambiguous version UL. It is well known that
checking for st-connectivity for general directed graphs is
NL-complete. We consider the st-connectivity problem for
planar graphs and grid graphs.

A nxn grid graph is a directed graph whose vertices are
{0,...,n—1} x{0,...,n—1} sothatif ((i1, j1), (i, j2))
is an edge then |i; — iz]| + |j1 — j2| = 1. Grid graphs
are a very natural subclass of planar graphs with vertices
identified with the n x n grid on the -y plane oriented at the
origin with directed edges connecting only the immediate
vertical and horizontal neighbors. It is convenient to view
the edges according to the cardinal directions. For a vertex
(i,7), the edge (i,7) — (4,7 + 1) is a north edge, (7,7) —
(i,7—1) is asouth edge, (¢,7) — (i + 1, 7) is an east edge,
and (i,7) — (i — 1, 7) is a west edge.

The grid graph reachability problem is as follows. Given
a grid graph G and vertices s and ¢, determine if there exists
a directed path from s to ¢ in G. The directed planar reacha-
bility problem denoted as PLANARREACH is the following:
Given a planar graph G and vertices s and ¢, determine if
there exists a directed path from s to ¢ in G.

We will not be concerned with details about the represen-
tation of planar graphs. We note that the work of Allender
& Mahajan [AMO4], and subsequently Reingold [Rei05],
implies a deterministic logarithmic space algorithm that de-
cides whether or not a given graph is planar, and if it is,
outputs a planar embedding. We will use the following two
results which require such a planar embedding.

Theorem 2 ([ADROS5]). PLANARREACH log-space many-
one reduces to GGR.

Theorem 3 ([BLMS98, ADRO5]). PLANARREACH log-
space many-one reduces to its complement.

Because of the above reductions and the fact that UL is
closed under log-space many-one reductions, it is enough to
show that GGR € UL. We will focus on this task for the
remainder of the paper.

In [RAOO] Reinhardt & Allender give a general tech-
nique for showing membership in UL which we will make
use of.

A min-unique graph is a directed graph with positive
weights associated with each edge where for every pair of
vertices u, v, if there is a path from w to v, then there is a

unique minimum weight path from « to v. Here, the weight
of a path is the sum of the weights on its edges. (Reinhardt
& Allender actually define min-uniqueness for unweighted
graphs, but these two definitions are essentially same in our
setting where the weights are log-space computable, since
we can replace a directed edge with positive weight w with
a directed path of length w.)

The following theorem is implicitly given in [RAOO]. Its
proof uses a clever extension of the inductive counting tech-
niques of Immerman and Szelepcsényi [Imm88, Sze88].

Theorem 4 ([RA00]). Let G be a class of graphs. If there
is a log-space computable function f that on input G € G
outputs a weighted graph f(G) so that

(a) f(G) is min-unique and

(b) G has an s — t path if and only if f(G) has an s — t
path,

then the st-connectivity problem for G is in UL.

3. Planar Reachability is in UL N coUL

We now prove Theorem 1. In light of Theorems 2, 3,
and 4, it suffices to show a log-space computable positive
weight function which produces a min-unique graph for
grid graphs. (In fact Theorem 3 is not necessary, as the algo-
rithm of Reinhardt & Allender actually places reachability
for min-unique graphs in UL N coUL).

Proof of the Theorem 1. Let G be a grid graph with the
rows and columns of G indexed from O to n — 1. We define
a weight function w on the edges of G as follows.

n* if e is an east or west edge

i+n* if eis anorth edge in column ¢
—i+n* if eis a south edge in column i

w(e) =

Clearly, w is log-space computable. Since ¢ < n, the
weight on any edge is positive. Since a minimum weight
path has to be simple, we will only focus on simple paths.
The weight of any path P in G, denoted by w(P) is of the
form a + bn?. It is easy to see that |a|,b < n® (a could be
negative). For a given path P, let a(P) denote the ‘a’ com-
ponent and b(P) denote the ‘b’ component of its weight.
Here, a(P) serves to weight a path’s vertical edges while
b(P) serves to count the total number of edges in the path.

Let P, and P» be two paths in G having the same weight.
Then it is easy to see that a(P;) = a(P;) and b(P;) =
b(P,). To see this, let w(Py) = a3 + bin* and w(P,) =
as + ban®. Since,

w(P) = w(P)
= (a1 — ag) + (b1 — bg)n4 = 0
= a; = ag and bl = bg



The final implication follows since |a;|’s and b;, and hence
their respective differences, are bounded by n*. Now we
will argue that, with respect to this weight function for any
u and v, the minimum weight path from w to v, if it exists,
is unique.

First we prove a very nice property of this weight func-
tion that the ‘a’ component of the weight of any nontrivial
simple cycle in G is non-zero. In fact, we prove the follow-
ing stronger property of this weight function. For a simple
cycle C, let A(C) denote the number of unit squares it en-
closes.

Lemma 5. Let C be a simple directed cycle in G. Then
a(C) = +A(C) if C is a counter-clockwise cycle and
a(C) = —A(C) if C is a clockwise cycle.

Proof. Tt suffices to prove the lemma for a counter-
clockwise simple cycle. This is because, for a clockwise
cycle C, a(C) = —a(—C) where —C is the counter-
clockwise cycle obtained by reversing the edges in C.

Let C be a counter-clockwise cycle in G. Look at the
restriction of the cycle to the set of edges between two con-
secutive rows, say j and j + 1. We can view this as an
ordered set, where an edge e appears before an edge €’ in
the ordering if e is to the left of ¢’ in the graph. Denote this
ordered set by S;.

If we order these edges from left to right it alternates
between south and north edges with the left most edge being
a south edge and the rightmost edge being a north edge.
Suppose not, then there are two adjacent north edges in .S,
say e; = (u1,v1) and eg = (ug,vy). This implies that C'
does not have any edge between e; and ez in G. Also there
is a simple path from vy to u; and from v; to us without
taking any edge between e; and ey in G. This implies that
the paths intersect and hence contradicts the fact that C'is a
simple cycle. The reason why the first edge is a south edge
is because it is a counter-clockwise cycle.

Now look at the set of squares that lie between row j and
j + 1. Denote this set by R;. a(C') restricted to S; counts
the number of squares in I2; that lie between adjacent south
and north edges, with the north edge being to the right of
the south edge (cf. Figure 1). This is because the weight of
the kth south edge plus the weight of the kth north edge is
equal to the number of squares between these two edges.

Asquare in R; is in C'iff it is between a south and a north
edge. This is because if we look at a partition of the set I2;
induced by the edges in S}, then the partitions alternately
fall within and outside of C, with the set of squares between
the first south and north edge lying within the cycle.

Now we sum our index j from 0 to n — 2 and thus get
that the sum of the edge weights of the cycle is equal to the
number of squares it encloses. O

j+1e

Figure 1. A view of a grid graph between
row j and j + 1 of a counter-clockwise cy-
cle. The cycle has an ‘a’ component weight
of (2 —1)+ (7 — 4) = 4 with respect to rows j
and j + 1, equal to the number of unit squares
it encloses.

Lemma 6. Let G be a grid graph. With respect to the
weight function w, for any two vertices u and v, the min-
imum weight path from u to v, if one exists, is unique.

Proof. Suppose there exist two different minimum weight
paths P; and P, between u and v. Let u’ be the vertex at
which P; and P, diverge for the first time and let v’ be the
vertex where they meet after their first divergence. Denote
the subpath of P; from v’ to v’ by Pj and the subpath of P,
from v’ to v’ by Py (cf. Figure 2). v’ exists since P, and
P, are not the same, and existence of u’ implies existence
of v'.

Figure 2. Paths P;, P, from v to v.

If P/ and Pj have different weights then without loss
of generality assume w(P]) < w(P5). This implies that
the subpath of P, from v’ to v has lesser weight than the
subpath of Py from v’ to v. Hence taking P; from v to v’



and then taking P, to v gets a path of lesser weight from
to v, hence a contradiction.

On the other hand, suppose P; and Pj have the same
weight. Then a(P{) = a(Pj). Now consider a simple
cycle C from u' to v’ following the path P and back to
u’ following the path —Pj. Here for a path P, —P de-
notes the path obtained by reversing the edges in P. It
is clear that a(—P) = —a(P) for any path P. Hence
a(C) = a(P{) — a(P4) = 0. This is a contradiction since
C' is a nontrivial simple cycle and hence |a(C)| > 0 by
Lemma 5. O

Allender, Datta & Roy show that, if given an embedding
on the torus of a graph of genus 1, the st-connectivity prob-
lem is reducible (in deterministic log-space) to the planar
case [ADROS]. As a consequence of Theorem 1, we get the
following.

Corollary 7. The directed st-connectivity problem for
graphs of genus 1 is in UL N coUL (when given an embed-
ding).

4. Conclusion

We have shown that the s¢-connectivity problem for di-
rected planar graphs can be decided in UL NcoUL, im-
proving over the known upper bound of NL. Many
open questions remain. For instance, can we show that
PLANARREACH € L? Or can we even show any determin-
istic space upper bound for PLANARREACH better than the
well-known (’)(log2 n) upper bound given by Savitch’s the-
orem? Can we show that the general st-connectivity prob-
lem can be done unambiguously?

Acknowledgments

The third author is very grateful to Eric Allender for
inviting him to Rutgers in the summer of 2006 where he
was inspired to work on this problem. The authors thank
Meena Mahajan for interesting email discussions and valu-
able comments on an earlier draft of the paper. The au-
thors thank anonymous reviewers for useful comments and
the National Science Foundation for supporting this work
through the grant CCF-0430991.

References

[ABCt06] Eric Allender, David A. Mix Barrington, Tan-
moy Chakraborty, Samir Datta, and Sambud-
dha Roy. Grid graph reachability problems.
In Annual IEEE Conference on Computational
Complexity, pages 299-313, 2006.

[ADROS5]

[AJ93]

[AL98]

[AMO4]

[ARZ99]

[Bar89]

[BJLRO1]

[BLMS98]

[Ete97]

Eric Allender, Samir Datta, and Sambuddha
Roy. The directed planar reachability prob-
lem. In Proceedings of the 25th Annual Con-
ference on Foundations of Software Technology
and Theoretical Computer Science. Springer,
2005.

Carme Alvarez and Birgit Jenner. A very hard
log-space counting class. Theoretical Com-
puter Science, 107:3-30, 1993.

Allender and Klaus-Jorn

Eric

Lange. RUSPACE(logn) C
DSPACE(log? n/loglogn). Theory of Com-
puting Systems, 31:539-550, 1998. Special
issue devoted to the 7th Annual International
Symposium on Algorithms and Computation

(ISAAC’96).

Eric Allender and Meena Mahajan. The com-
plexity of planarity testing. Information and
Computation, 189:117-134, 2004.

Eric Allender, Klaus Reinhardt, and Shiyu
Zhou. Isolation, matching, and counting: Uni-
form and nonuniform upper bounds. Journal
of Computer and System Sciences, 59:164—181,
1999.

David A. Mix Barrington. Bounded-width
polynomial-size branching programs recognize
exactly those languages in NC'. Journal of
Computer and System Sciences, 38:150-164,
1989.

Gerhard Buntrock, Birgit Jenner, Klaus-Jorn
Lange, and Peter Rossmanith. Unambigu-
ity and fewness for logarithmic space. In
Proceedings of the 8th International Confer-
ence on Fundamentals of Computation The-
ory (FCT’91), Volume 529 Lecture Notes in
Computer Science, pages 168—179. Springer-
Verlag, 1991.

David A. Mix Barrington, Chi-Jen Lu, Pe-
ter Bro Miltersen, and Sven Skyum. Searching
constant width mazes captures the AC® hierar-
chy. In I5th International Symposium on Theo-
retical Aspects of Computer Science (STACS),
Volume 1373 in Lecture Notes in Computer
Science, pages 74—83. Springer, 1998.

Kousha Etessami. Counting quantifiers, suc-
cessor relations, and logarithmic space. Journal
of Computer and System Sciences, 54(3):400—
411, June 1997.



[Imm3&8]

[Lan97]

[RAOO]

[Rei05]

[Sze88]

Neil Immerman. Nondeterministic space is
closed under complement. SIAM Journal on
Computing, 17:935-938, 1988.

Klaus-Jorn Lange. An unambiguous class pos-
sessing a complete set. In Proceedings of the
14th STACS, pages 339-350. Springer, 1997.

Klaus Reinhardt and Eric Allender. Making
nondeterminism unambiguous. SIAM Journal
of Computing, 29:1118-1131, 2000. An earlier
version appeared in FOCS 1997, pp. 244-253.

Omer Reingold. Undirected st-connectivity in
log-space. In Proceedings of the 37th Sym-
posium on Foundations of Computer Science,
pages 376-385. IEEE Computer Society Press,
2005.

Robert Szelepcsényi. The method of forced
enumeration for nondeterministic automata.
Acta Informatica, 26:279-284, 1988.



